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abstract
We p r e s e n t  a  s e m i c l a 3 s i c a l  method o f  c a l c u l a t i n g  v i b r a t i o n a l  
energy  l e v e l s  f o r  a  sy s tem  Of n o n S e p n ra b le  c o u p led  o s c i l l a t o r s .  For a  
H a m i l to n ia n  w r i t t e n  as  a power s e r i e s  i n  which t h e  l e a d i n g  te rm s  a r e  
g iv e n  by a sum o f  o n e - d i m e n s i o n a l  harmonic  o s c i l l a t o r  H a m i l to n ia n s  
r e p r e s e n t i n g  an u n p e r t u r b e d  l i m i t  o f  t h e  f u l l  H a m i l t o n i a n , t h e  method 
i n v o l v e s  t r a n a f o r m i n g  th e  o r i g i n a l  c l a s s i c a l  H am i l to n ian  v i a  a s u c c e s ­
s i o n  o f  c a n o n i c a l  t r a n s f o r m a t i o n s  i n t o  a  normal form* which i s  a power 
s e r i e s  o r i g i n a l l y  d e f i n e d  by f l i r k h o f f  and  l a t e r  g e n e r a l i z e d  by Guatavson ,  
TVo c a s e s  a r e  d i s t i n g u i s h e d .  I f  t h e  harmonic  o s c i l l a t o r  f r e q u e n c i e s  i n  
t h e  u n p e r t u r b e d  H a m i l to n ia n  a r e  incommensurab le  t h e n  t h e  normal form i s  
a power s e r i e s  whose t e rm s  a r e  p r o d u c t s  o f  o n e - d im e n s i o n a l  harmonic 
o s c i l l a t o r  H a m i l t o n i a n s ;  i f  t h e  f r e q u e n c i e s  i n  t h e  u n p e r t u r b e d  H am il ton ian  
a r e  commensurable t h e n  a d d i t i o n a l  t e rm s  which can n o t  be w r i t t e n  as p r o ­
d u c t s  o f  o n e - d im e n s i o n a l  ha rm onic  o s c i l l a t o r  H a m i l to n ia n s  e n t e r  i n t o  t h e  
normal form. Once th e  normal  form i s  o b t a i n e d ,  s e m i c l a s s i c a l  q u a n t i z a ­
t i o n  o f  a c t i o n  v a r i a b l e s  i s  s t r a i g h t f o r w a r d .  The incommensurable c a se  
y i e l d s  a fo rm ula  f o r  t h e  e n e r ^  s p e c t r u m  which i s  a power s e r i e s  i n  t h e  
quantum numbers.  The commensurable  c a s e  I s  more c o m p l i c a t e d ,  and y i e l d s  
a  form from which e n e rg y  l e v e l s  may be o b t a i n e d  i n d i v i d u a l l y  by n u m e r i c a l  
c a l c u l a t i o n  and q u a n t i z a t i o n  o f  a o n e - d i m e n s i o n a l  p hase  i n t e g r a l ,  Non- 
s e p a r a b l e  t w o - d im e n s io n a l  examples  a r e  t r e a t e d  f o r  each c a s e .  The r e 3 u l t s  
o b t a i n e d  f o r  b o th  c a s e s  show e x c e l l e n t  ag reem en t  w i th  quantum m ech an ica l  
c a l c u l a t i o n s .
v i i i
EMICLASSICAL CALCULATION OF VIBRATIONAL ENERGY LEVELS 
FOR NONSEPARABLE SYSTEMS
I . INTRODUCTION
This t h e s i s  p r e s e n t s  a. a e m i c l a s s l c a l  method o f  c a l c u l a t i n g  
t h e  v i b r a t i o n a l  e n e r g y  l e v e l s  o f  a system o f  non s e p a r a b l e  c o u p le d  o s c i l ­
l a t o r s  such  aE m ight  be e n c o u n t e r e d  in  t h e  s t u d y  o f  v i b r a t i o n a l  e n e r g y  
l e v e l s  o f  po lya tom ic  m o le c u le s .  The s e m i c l a s s i c a l  method has  l o n g  been  
r e c o g n iz e d  as a  pow erfu l  method o f  f i n d i n g  a p p r o x i m a t e  s o l u t i o n s  t o  t h e  
S c h ro d in g e r  e q u a t i o n .  However,  u n t i l  r e c e n t l y  t h e  s e m i c l a s s i c a l  method 
has been a p p l i e d  p r i m a r i l y  t o  o n e - d i m e n s i o n a l  s y s t e m s ,  o r  t o  s e p a r a b l e
m u l t id im e n s io n a l  sy s tem s  which may be w r i t t e n  a s  a  s e t  o f  u n c o u p le d  o n e -
X ?d im en s io n a l  sy s te m s .  R e c e n t ly  Marcus and o t h e r s  have d e v e lo p e d  
t e c h n i q u e s  fo r  t r e a t i n g  n o n - s e p a r a b l e  bound s y s t e m s  u s i n g  semi c l a s s i c a l  
methods.  U n f o r t u n a t e l y ,  t h e s e  t e c h n i q u e s  a r e  somewhat cumbersome t o  
ap p ly  s i n c e  they  r e q u i r e  a f a i r l y  l e n g t h y  i t e r a t i v e  n u m e r i c a l  c a l c u l a ­
t i o n  t o  be made in  o r d e r  t o  o b t a i n  each  e n e r g y  l e v e l .  One o f  t h e  main 
m o t i v a t i o n s  f o r  t h i s  r e s e a r c h  was t o  p ro v id e  an e f f i c i e n t  a n a l y t i c a l  
method f o r  t r e a t i n g  r ionseparab le  sys tems  u s i n g  s e m i c l a s s i c a l  m e th o d s .
By c a r r y i n g  ou t  t h e  c a l c u l a t i o n  a n a l y t i c a l l y ,  i t  h a s  been  p o s s i b l e  In 
some c a s e s  t o  o b t a i n  t h e  e n t i r e  e n e r g y  sp ec t ru m  w i t h  ro u g h ly  t h e  same 
e f f o r t  t h a t  num er ica l  methods r e q u i r e  in o r d e r  t o  o b t a i n  a s i n g l e  energy  
l e v e l .
Semiel&BBieal methods o f  c a l c u l a t i n g  bound s t a t e  e i g e n v a l u e s  
r e q u i r e  two s t e p s .  F i r s t  t h e  c l a s s i c a l  e q u a t i o n s  o f  m o t io n  must  be
2
s o l v e d ,  and th e n  th e  c l a s s i c a l  s o l u t i o n s  must be  q u a n t i z e d .  We t h e r e ­
fo re  b e g i n  by p r e s e n t i n g  a  d e t a i l e d  d e s c r i p t i o n  o f  t h e  n a t u r e  o f  t h e  
c l a s s i c a l  systems which v e  a r e  s t u d y i n g .  I t  happens  t h a t  n o n s e p a r a b l e  
c l a s s i c a l  systems can d i s p l a y  a  b e h a v i o r  which i s  am az ing ly  d i f f e r e n t  
from t h a t  o f  s e p a r a b l e  sy s tem s .  We f i r s t  r e v i e w  t h e  h e h a v i o r  o f  s e p a r a b l e  
c l a s s i c a l  s y s te m s ,  in  o r d e r  t o  e s t a b l i s h  t r a d i t i o n a l  c o n c e p t s ,  and th e n  
we d i s c u s s  t h e  b e h a v io r  o f  n o n s e p a r a b le  s y s t e m s ,  and show how i t  d i f f e r s  
from t h a t  o f  s e p a r a b l e  sy s tem s .
A f t e r  t r e a t i n g  c l a s s i c a l  s y s t e m s ,  we d i s c u s s  s e m i c l a s s i c a l  
q u a n t i z a t i o n  methods.  As ment ioned  e a r l i e r ,  o n e - d i m e n s i o n a l  methods a r e  
we l l  e s t a b l i s h e d ,  arid we t h e r e f o r e  b e g i n  by c o n s i d e r i n g  t h e s e .  We th e n  
d e s c r i b e  c u r r e n t  methods o f  t r e a t i n g  n o n s e p a r a b l e  sys tem s  s e m i c l a s s i c a l l y , 
and show how th e  o n e -d im e n s io n a l  c o n c e p t s  must  be  g e n e r a l i z e d .
A f t e r  we have rev iew ed  t h e  n a t u r e  o f  n o n s e p a r a b l e  c l a s s i c a l  
sy s te m s ,  and d i s c u s s e d  t h e  g e n e r a l  th e o r y  o f  s e m i c l a s s i c a l  q u a n t i z a t i o n ,  
we th e n  p r e s e n t  t h e  s p e c i f i c  method t h a t  we have  d e v e lo p e d .  Again t h i s  
must be done i n  two s t e p s .  We b e g in  by  d e s c r i b i n g  t h e  method which we
use t o  p ro v id e  t h e  s o l u t i o n  t o  t h e  c l a s s i c a l  e q u a t i o n s  o f  m o t io n .  Th is
7method was deve loped  f i f t y  y e a r s  ago by B i r k h o f f ,  and more r e c e n t l y
g
g e n e r a l i z e d  by Gustavson ,  In  o r d e r  t o  a p p ly  t h i s  method, t h e  c l a s s i c a l  
Ham il ton ian  must be w r i t t e n  a s  a power s e r i e s  i n  which t h e  l e a d i n g  te rms  
a r e  g iv e n  by a sura o f  o n e - d im e n s i o n a l  harmonic o s c i l l a t o r  H a m i l to n i a n s  
r e p r e s e n t i n g  an u n p e r tu r b e d  l i m i t  o f  t h e  f u l l  H a m i l to n ia n ,  B i r k h o f f b 
o r i g i n a l  method a p p l i e s  i f  t h e  harmonic  o s c i l l a t o r  f r e q u e n c i e s  which
ap p ea r  i n  t h e  u n p e r t u r b e d  H a m i l to n ia n  a r e  incommensurable  ( i . e .  t h e i r  
r a t i o s  a r e  n o t  r a t i o n a l  n um bers ) .  In t h a t  c a s e  he shoved t h a t  th e  
H am i l to n ian  c o u ld  be t r a n s f o r m e d  i n t o  a  normal form which I s  a power 
s e r i e s  whose te rm s  a r e  p r o d u c t s  o f  o n e -d im e n s io n a l  harmonic o s c i l l a t o r  
H a m i l to n i a n s .  Tf  any c o m m e n su ra b i l i t y  r e l a t i o n s  e x i s t  among th e  h a r ­
monic o s c i l l a t o r  f r e q u e n c i e s  v h ic h  ap p ea r  i n  t h e  u n p e r t u r b e d  H a m i l to n ia n ,  
th e n  G u s t s v s o n ’s g e n e r a l i z a t i o n  o f  B i r k h o f f * s  o r i g i n a l  method a p p l i e s .
In t h i s  case  a d d i t i o n a l  te rm s  which canno t  be w r i t t e n  as p ro d u c t s  o f  one­
d im e n s io n a l  harmonic  o s c i l l a t o r  H a m i l to n ia n s  appea r  i n  t h e  normal form.
Once we have p r e s e n t e d  B i rk h o f f * a  method o f  s o l v i n g  th e  c l a s ­
s i c a l  e q u a t i o n s  o f  motion* ve p roceed  t o  q u a n t i z e  t h e  normal form u s in g  
th e  s e m l c l a s 3 i c a l  p r e s c r i p t i o n .  In t h e  incommensurable  case  we o b t a i n  
a fo rm u la  which p r o v i d e s  t h e  e n e r g y  spec t rum  in  t h e  form o f  a power 
s e r i e s  in  t h e  quantum numbers.  In  t h e  commensurable c a s e ,  we o b t a i n  a 
form from which e n e r f y  l e v e l s  can be o b t a i n e d  i n d i v i d u a l l y  by s a t i s f y i n g  
a s e m i c l a s s i c a l  q u a n t i z a t i o n  c o n d i t i o n  n u m e r i c a l l y .  S p e c i f i c  two- 
d im ens iona l  examples  a r e  t r e a t e d  f o r  b o th  incommensurable  and commensur­
a b l e  c a s e s .  In an incommensurable  c a s e  we o b t a i n  83 ene rgy  l e v e l s  up t o  
t h e  escape  energy  w i th  e x c e l l e n t  a c c u r a c y .  In a commensurable c a s e  we 
o b t a i n  1*2 e n e r ^  l e v e l s  { the  h i g h e s t  o f  which i s  w i t h i n  2?* o f  t h e  e scap e  
e n e r g y ) ,  which w h i l e  no t  so a c c u r a t e  a s  t h e  r e s u l t s  f o r  t h e  incommensur­
a b l e  c a s e ,  do v e r i f y  t h e  a p p l i c a b i l i t y  o f  ou r  s e m i c l a s s i c a l  method f o r  
th e  commensurable c a s e .
R eader1a Guide
C h a p t e r  t l  p ro v id e s  a g e n e r a l  background and f o u n d a t i o n  f o r  
our work ,  and c o n t a i n s  t h r e e  s e c t i o n s .  The f i r s t  s e c t i o n  rev iew s  t h e  
c l a s s i c a l  b e h a v i o r  o f  systems o f  i n t e r e s t ,  The second s e c t i o n  c o n t a i n s  
a d i s c u s s i o n  o f  t h e  n a t u r e  o f  q u a n tu m  m echan ica l  sy s tem s  and a t t e m p t s  
t o  show how t h e  n a t u r e  o f  the  c l a s s i c a l  system m igh t  be r e f l e c t e d  i n  
the  quantum m echan ica l  b e h a v i o r .  The t h i r d  s e c t i o n  r e v i e w s  c u r r e n t  
s e m i c l a s s i c a l  methods f o r  o b t a i n i n g  e ig e n v a lu e s  o f  a bound system,
C h a p te r  111 c o n t a i n s  a l l  o f  t h e  c l a s s i c a l  c o n s i d e r a t i o n s  which 
a r e  d i r e c t l y  r e l a t e d  to  o u r  s e m i c l a s s i c a l  q u a n t i z a t i o n  method.  The 
B i r k h o f f —G ustavson  normal form i s  d e r i v e d ,  and t h e  c l a s s i c a l  form i s  
p r e s e n t e d  f o r  tw o -d im en s io n a l  examples o f  bo th  t h e  incommensurab le  and 
commensurable c a s e s .  I t  i s  shown t h a t  t h e  normal form f o r  t h e  incom­
mensurab le  c a s e  may be e x p re s sed  c o m p le t e ly  in t e rm s  o f  a c t i o n  v a r i a b l e s ,  
w h i le  t h e  normal form f o r  the  commensurable Case may be e x p r e s s e d  in  
terms o f  one  a c t i o n  v a r i a b l e  and a c a n o n i c a l  c o o r d i n a t e  a n d  momentum.
C h a p te r  IV c o n t a i n s  a d e s c r i p t i o n  of t h e  method used t o  quan­
t i z e  t h e  norm al  form. Also shown a re  t h e  q u a n t i z e d  r e s u l t s  f o r  t h e  two
examples t r e a t e d  in  C h a p te r  I I I .
C h a p te r  V i s  t h e  c o n c lu s io n .  In  t h i s  c h a p t e r  t h e  major i d e a s
invo lved  in  ou r  method a r e  summarized,  sind l i m i t a t i o n s  and  p o s s i b l e  e x ­
t e n s i o n s  o f  our  method a r e  d i s c u s s e d .  Our method I s  compared t o  r e c e n t
num er ica l  s e m i c l a s s i c a l  methods fo r  t r e a t i n g  n o n s e p a r a b l e  s y s t e m s ,  and 
to  quantum m e ch an ica l  methods.  P o s s i b l e  a p p l i c a t i o n s  o f  o u r  methods a r e  
d i s c u s s e d .  F i n a l l y ,  i n d i r e c t  c o n t r i b u t i o n s  o f  o u r  work a r e  d i s c u s s e d .
I I .  FOUNDATIONS AND HISTORICAL BACKGROUND
A, Q u a 3 lp e r io d ic  and E rgod je  Motion in  C l a s s i c a l  Mechanics
Let us c o n s i d e r  t h e  c l a s s i c a l  b e h a v io r  o f  n o n e e p a r a b le  m u l t i ­
d im ens iona l  o s c i l l a t o r s .  The work p r e s e n t e d  here  d e a l s  p r i m a r i l y  w i th  
two d e c r e e s  o f  freedom, and t h e r e f o r e  forma a b a s i c  model fo r  t h e  l o n g i ­
t u d i n a l  v i b r a t i o n s  o f  a l i n e a r  t r i a t o m i c  m o le c u le .  The method sh o u ld  
a l s o  be a p p l i c a b l e  t o  systems o f  more than  two deg rees  o f  f reedom.
As t h i a  t h e s i s  w i l l  d i s c u s s ,  t h e  motion f o r  a system o f  coup led  
o s c i l l a t o r s  can be v e r y  c o m p l i c a t e d .  In o r d e r  t o  I l l u s t r a t e  t h i s ,
Fig,  l l - l a , b  show examples  o f  mot ion f o r  a sys tem o f  two d e g r e e s  o f  f r e e ­
dom, The f i g u r e s  show the  t r a j e c t o r y  g e n e r a t e d  by a p o in t  moving on a 
p o t e n t i a l  s u r f a c e .  The axes  may be ta k e n  t,o r e p r e s e n t  the  x -y  c o o r ­
d i n a t e s  o f  th e  p o in t  aa i t  moves in  a tw o -d im en s io n a l  w e l l ,  o r  e q u i v a ­
l e n t l y  as  t h e  a m p l i t u d e s  o f  t h e  symmetr ic  and a n t i s y m m et r i c  s t r e t c h  o f  
a  l i n e a r  t r i a t o m i c  m o le c u le .  As i s  c l e a r l y  e v i d e n t ,  two d i s t i n c t  t y p e s  
o f  b e h a v i o r  a p p e a r .
In F ig .  I l - l n  i s  a  p l o t  o f  a t y p i c a l  t r a j e c t o r y  h a v in g  a  sm a l l  
am p l i tude  o f  v i b r a t i o n ;  t h i s  t r a j e c t o r y  forms a somewhat d i s t o r t e d  
L l s s a j o u s  f i g u r e .  N o t i c e  t h a t  a d j a c e n t  segments  o f  t h e  t r a j e c t o r y  form 
an o r d e r l y  fam i ly .  The motion i s  c o n f i n e d  t o  a b o x - l i k e  r e g i o n ,  and  w i l l  
no t  f i l l  t h e  e n t i r e  e n e r g e t i c a l l y  a l lo w ed  r e g i o n ;  o n ly  t h e  c o r n e r s  o f  th e  
box to u c h  t h e  energy  boundary .  Th is  mot ion  i s  c a l l e d  q u a s i p e r i o d l c ,
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T r a j e c t o r y
Fifi. I I . 1.  T y p i c a l  t r a j e c t o r i e s  f o r  a  t v o - d i m e n s i o n a l  Morse p o t e n t i a l .
aIn  F ig .  I l - l b  i s  a  t y p i c a l  t r a j e c t o r y  hav ing  a  l a r g e  a m p l i t u d e  
o f  v i b r a t i o n  ( t h e  s c a l e s  o f  t h e s e  two f i g u r e s  a re  d i f f e r e n t ) *  The 
mot ion ,  though  s t i l l  d e t e r m i n i s t i c , i s  much l e s s  o r d e r l y ,  and no r e g u l a r  
p a t t e r n  i s  e v i d e n t .  A f t e r  s u f f i c i e n t  t i m e ,  th e  motion w i l l  f i l l  t h e  
e n e r g e t i c a l l y  a l lowed  r e g i o n .  This  motion i s  commonly r e f e r r e d  t o  a s  
e r g o d l c ,  a l t h o u g h  as w i l l  "be d iE cu s sed  l a t e r *  t h i s  t e rm  i s  somewhat 
l o o s e l y  a p p l i e d .  The i m p o r t a n t  p o i n t  f o r  now I s  t h a t  t h e  m ot ion  i s  
r a t h e r  c h a o t i c  In  a p p e a r a n c e .
The rem ainder  o f  t h i s  s e c t i o n  i s  devoted  t o  a d i s c u s s i o n  o f  
t h e  c l a s s i c a l  b e h av io r  o f  sys tem s  o f  coup led  o s c i l l a t o r s .  The c o n c e p t s  
involved  a r e  f i r s t  i l l u s t r a t e d  by c o n s i d e r i n g  s e p a r a b l e  systems (which 
a r e  e x c l u s i v e l y  q u a s i p e r i o d i c  }. N onsepa rab le  systems a r e  t h e n  d i s c u E s e d ,  
u s ing  an u n d e r s t a n d i n g  o f  t h e  s e p a r a b l e  system as a g u id e .  Only a f t e r  
th e  c l a s s i c a l  mechanica l  n a t u r e  o f  t h e  n o n sep a rab le  sy s tem  i s  d i s p l a y e d  
can the  c o n s i d e r a t i o n s  I n v o l v e d  in a p p l y i n g  s e m i c l a s s i c a l  q u a n t i z a t i o n  
methods be u n d e r s to o d .
1. S e p a r a b l e  C l a s s i c a l  Systems
Most o f  the  c o n c e p t s  r e q u i r e d  t o  t r e a t  n o n s e p a r a b l e  m u l t i ­
d imens ional  systems a re  g e n e r a l i z a t i o n s  o f  methods used f o r  s e p a r a b l e  
systems. In  o r d e r  to  d e v e l o p  th e se  i d e a s ,  we beg in  by t r e a t i n g  a 
s ep a ra b le  s y s te m  u s ing  H a m i l t o n - J a c o b i  t h e o r y  ( h e r e a f t e r  r e f e r r e d  t o  a s  
H-J t h e o r y ) .  The r e a d e r  i s  r e f e r r e d  t o  Appendix I f o r  a r e v ie w  o f  H-J 
th eo ry ;  o n l y  t h e  r e l e v a n t  r e s u l t s  a r e  r e p e a t e d  h e re .
9We b e g in  by c o n s i d e r i n g  a  s y s t e m  d e s c r i b e d  by a  t im e  Indepen­
dent H am il ton ian  H ( q ,p ) t where q a r e  c o o r d i n a t e s , p a r e  momenta,  and 
(q ,p )  i s  a  shor thand  n o t a t i o n  f o r  (q^ ,  . . , ,  p^ ,  . . . , p ^ ) .  We
would l i k e  t o  so lv e  the  t im e  independent  H-J e q u a t i o n
o b ta in  a g e n e r a t i n g  f u n c t i o n  which w i l l  a l lo w  a c a n o n i c a l  t r a n s f o r m a t i o n  
from t h e  o r i g i n a l  v a r i a b l e s  (q ,p )  t o  new v a r i a b l e s  (Q,P) such t h a t  t h e  
new c a n o n ic a l  momenta P a r e  c o n s t a n t  a s  a  f u n c t i o n  o f  t i m e ,  Tf t h e  
n a tu re  o f  th e  system i s  such  t h a t  t h e  g e n e r a t i n g  f u n c t i o n  W may be w r i t ­
t e n  as a s e p a r a b l e  sum
then  t h e  H-J equa t ion  may be so lv ed  in  a  s t r a i g h t f o r w a r d  manner .  For 
s ep a rab le  bound problems, a l l  motion i s  o f  the  c l a s s  shown in  F ig .  I l - l a  -  
namely q u a a i p e r i o d i c . For  such s y s te m s ,  i t  i s  p o s s i b l e  t o  choose  th e
0 ( I I . 11
(where W i s  a ty p e -2  g e n e r a t i n g  f u n c t i o n  and bC . i s  t h e  e n e rg y )  t o
w ( I T . 2 )
l
a n g l e - a c t l o n  v a r i a b l e s  ( w , J )  as t h e  new c a n o n i c a l  c o o r d i n a t e s  and momenta.
Tills i s  a  p a r t i c u l a r l y  u s e f u l  c h o ic e .
The a c t i o n  v a r i a b l e s  J  may be d e f in e d  by
( no 'J ( I I . 3)
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where  t h e  i n t e g r a l  i s  t a k e n  o v e r  one c y c l e  o f  m o t io n  f o r  t h e  c o o r d i n a t e  
q ^ , u i t h  a l l  o t h e r  c o o r d i n a t e s  e i t h e r  h e l d  f i x e d ,  o r  i f  a l l o w e d  t o  v a r y ,  
t h e n  r e t u r n e d  t o  t h e i r  o r i g i n a l  v a l u e s  w i t h o u t  h a v in g  p a s s e d  th r o u g h  a  
f u l l  c y c l e .  The i n t e g r a l  i n  t h e  d e f i n i t i o n  o f  t h e  a c t i o n  v a r i a b l e  i s  
o f t e n  r e f e r r e d  t o  a s  t h e  phase  i n t e g r a l ;  i t s  p a t h  Independence  i s  e n ­
su re d  h e re  by th e  s e p a r a b l e  form o f  W.
th e  a n g l e  v a r i a b l e s  v i n c r e a s e  l i n e a r l y  w i th  t im e :
W j  -  ^  (  J ,  , ( n . k )
where i s  a  c o n s t a n t  s i n c e  t h e  J  a r e  c o n s t a n t .  The a n g l e  v a r i a b l e s
have t h e  f u r t h e r  p r o p e r t y  t h a t  i f  t h e  o r i g i n a l  c o o r d i n a t e  q p a s s e s  t h ro u g h
■J
one c y c l e ,  w i th  a l l  o t h e r  c o o r d i n a t e s  e i t h e r  h e l d  f i x e d ,  o r  a l lo w ed  t o  
v a r y ,  b u t  b e in g  b r o u g h t  back  t o  t h e i r  o r i g i n a l  v a l u e s  w i t h o u t  h av in g  
p a s s e d  th ro u g h  a f u l l  c y c l e ,  t h e n  t h e  a n g le  v a r i a b l e  w w i l l  change  by 
t h e  amount ^  g iven  by
s&  W .  *= 0 -  ( I I . 5)
In o t h e r  words ,  w i l l  i n c r e a s e  by  u n i t y  i f  q.  ^ p a s s e s  t h r o u g h  one c y c l e  
(w i th  o t h e r  c o o r d i n a t e s  r e s t r i c t e d  a s  a b o v e ) ,  b u t  w i l l  be unchanged  a f t e r  
(J ^ l )  p a s s e s  th ro u g h  one c y c l e .  ( T h i s  co m p le te s  t h e  i n f o r m a t i o n  r e -
V
p e a t e d  from Appendix I . )
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This  p r o p e r t y  o f  w i s  used  t o  p ro v id e  a  m a th e m a t i c a l  d e f i n i ­
t i o n  o f  t h e  te rm q w a s i p e r i o d i c , which ha s  been used  on ly  in an i n t u i t i v e  
f a s h i o n  up to  t h i s  p o i n t .  C onsider  t h e  c o o r d i n a t e s  q f v ^ ,  . . , T a n ^
l e t  w i n c r e a s e  by 1 ,  h o l d i n g  th e  o t h e r  wf G f i x e d ,  q w i l l  go th rough  K K.
one c y c l e ;  t h e  o th e r  q ' g  may a l s o  depend on v , b u t  t h e y  r e t u r n  to  t h e i rK
i n i t i a l  v a lu e s  w i thou t  p a s s i n g  th ro u g h  a comple te  c y c l e  ( o t h e r w i s e  
o t h e r  v ' s  would a l s o  i n c r e a s e  by o n e ) .  We rasy t h e r e f o r e  e x p r e s s  t h e  q^ 
in  te rras  o f  a F o u r ie r  s e r i e s  in t h e  w 's
u -  £ e
j ,  J‘ jjn
f
j*
( i t . 6)
Motion f o r  which the  c o o r d i n a t e s  may be e x p r e s s e d  in  te rms  o f  a conver­
gen t  F o u r i e r  s e r i e s  w i th  a  f i n i t e  number o f  b a s i c  f r e q u e n c i e s  i s  c a l l e d  
10aq u a s i p e r i o d i c .
In o r d e r  to i l l u s t r a t e  a n o t h e r  p r o p e r t y  o f  t h i s  ty p e  o f  m ot ion ,  
fo r  which a c t i o n  and a n g le  v a r i a b l e s  may be d e f i n e d ,  c o n s i d e r  a two- 
d im e n s io n a l  case  for  t h e  moment. I f  we p l o t  t h e  t r a j e c t o r y  in  w -space ,  
we o b t a i n  t h e  diagram o f  F ig .  I I . 2.
i *.
Fig ,  I I . 2 
T r a j e c t o r y  in A n g le -V a r ia b l e  Space
IP.
U sing  t h e  p r o p e r t y  t h a t  w^ i n c r e a s e s  by one when pas3e3  th r o u g h  one 
c y c l e ,  we can  d i v i d e  t h e  w , w^ apace  i n t o  u n i t  c e l l s  I n  which  c o n g r u e n t  
p o i n t s  c o r r e s p o n d  t o  t h e  same p o i n t  i n  p h a se  s p a c e .
We can  fo l low  a  t r a j e c t o r y  a s  w^ and w^ i n c r e a s e  l i n e a r l y  
w i t h  t im e .  S i n c e  t h e  c e l l s  a r e  a l l  e q u i v a l e n t ,  we can c o n c e n t r a t e  on a  
s i n g l e  c e l l  an d  t r a n s f e r  t h e  segment o f  t h e  t r a j e c t o r y  i n  any  o t h e r  c e l l  
back  t o  t h e  c o n g r u e n t  segm ent  in  t h e  s t a n d a r d  c e l l ,  N o t i c e  t h a t  t h e  
s l o p e  o f  t h e  t r a j e c t o r y  i s  . I f  t h i s  r a t i o  i s  r a t i o n a l ,  t h e
t r a j e c t o r y  w i l l  u l t i m a t e l y  he  mapped o n to  i t s e l f ,  an d  t h e  m o t ion  w i l l  
b e  p e r i o d i c .  I f  t h e  r a t i o  i s  i r r a t i o n a l ,  t h e  t r a j e c t o r y  w i l l  f i l l  t h e  
s t a n d a r d  c e l l  d e n s e l y ,  and w i l l  n o t  be  p e r i o d i c .
The p r o p e r t y  t h a t  c o n g ru e n t  p o i n t s  i n  e v e r y  c e l l  c o r r e s p o n d  
t o  e q u i v a l e n t  p o i n t s  i n  p h ase  s p a c e ,  and t h e  c o n s e q u e n t  p r o p e r t y  t h a t  
a l l  m o t io n  can  be  mapped b a ck  o n to  a  s i g l e  c e l l  shows t h a t  t h e  m o t io n  i s  
t o p o l o g i c a l l y  e q u i v a l e n t  t o  flow on a  t o r u s .  2 i f  w. c an  be  t h o u g h t
o f  as  an a n g l e  v a r i a b l e  on t h e  t o r u s .  In t h e  two d e g r e e  o f  f reedom e x ­
ample shown h e r e ,  t h e r e  a r e  two a n g l e  v a r i a b l e s ,  and  c o n s e q u e n t l y  a  tw o -  
d i m e n s i o n a l  t o r o i d a l  s u r f a c e ;  in t h e  c a s e  o f  n d e g r e e s  o f  fr eedom t h e r e  
w i l l  be n a n g l e  v a r i a b l e s ,  and t h e  mot ion  w i l l  he  a  f low on an n - t o r u s .  
T h i s  t o r u s  i s  sometimes r e f e r r e d  t o  a s  an i n v a r i a n t  t o r u s ^ a *c b e ­
c au se  t h e  t r a j e c t o r y  a lw ay s  rem a ins  on t h e  t o r u s .  R e c a l l i n g  t h a t  as  t h e  
c o o r d i n a t e  q^ p a s s e s  t h r o u g h  one c y c l e ,  t h e  a n g l e  v a r i a b l e  w^ i n c r e a s e s  
by o n e ,  we s e e  t h a t  e v a l u a t i n g  t h e  p h a se  i n t e g r a l  ( H . 3 )  c o r r e s p o n d s  t o  
i n t e g r a t i n g  a ro u n d  t h e  i n v a r i a n t  t o r u s .  There  a r e  n i n d e p e n d e n t  p h ase  
i n t e g r a l s ,  a n d  n t o p o l o g i c a l l y  i n d e p e n d e n t  p a t h s  a ro u n d  a n  n - t o r u s .
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The p a r a l l e l  segments  o f  t h e  t r a j e c t o r y  which  a r e  p l o t t e d  on  
t h e  u n i t  c e l l  ( F i g .  I I . 2) w i l l  form a  f a m i ly .  T h i s  f a m i l y  I s  c a l l e d  a  
m a n i f o l d ,  and  i s  i n  an a lo g y  to  s t r e a m l i n e s  a s  d e f i n e d  iti hydrodynamic  
t h e o r y ,  o r  r ay s  a s  d e f i n e d  In g e o m e t r i c a l  o p t i c s .  Such a  m a n i f o ld  w i l l  
a l s o  he found on t h e  i n v a r i a n t  t o r u s ;  a s  t h e  t r a j e c t o r y  winds  a round  
t h e  s u r f a c e ,  i t  w i l l  u l t i m a t e l y  e i t h e r  f i l l  t h e  s u r f a c e  w i t h  p a r a l l e l  
t h r e a d a  ( i r r a t i o n a l  f r eq u en cy  r a t i o  ) o r  w i l l  c l o s e  on i t s e l f
( r a t i o n a l  f r e q u e n c y  r a t i o ) .  The o r d e r l y  n a t u r e  o f  t h e  m a n i f o l d  w i l l  
a l s o  "be s e e n  i f  t h e  n - t o r u s  i s  mapped on to  c o n f i g u r a t i o n  s p a c e .  T h i s  
e f f e c t  i s  e v i d e n t  i n  F ig .  I I , l a .
One a d d i t i o n a l  co n cep t  must be  i n t r o d u c e d  -  t h a t  o f  an l s o -  
1 3l u t i n g  i n t e g r a l .  In  g e n e r a l ,  t h e r e  e x i s t  £ n - l  in d e p e n d e n t  f u n c t i o n s  
which a r e  c o n s t a n t  a lo n g  a t r a j e c t o r y  g e n e r a t e d  in  2 n - d im e n s io n a l  p h a se  
s p a c e .  These  f u n c t i o n s  a r e  c a l l e d  i n t e g r a l s  o f  t h e  m o t i o n ,  o r  s im p ly  
i n t e g r a l s .  In e f f e c t ,  we may t h i n h  o f  t h e  i n t e g r a l s  a s  d e f i n i n g  s u r ­
f a c e s  whose i n t e r s e c t i o n  d e f i n e s  t h e  t r a j e c t o r y  o f  t h e  s y s te m  p o i n t  i n  
phase  s p a c e .
I t  may happen t h a t  t h e  t r a j e c t o r y  does  no t  h ave  a c c e s s  t o  a  
f u l l  2 n -d im e n 3 io n a l  r e g i o n  o f  p hase  apace .  Fo r  exam ple ,  i f  t h e  e n e rg y  
i s  c o n s e r v e d ,  t h e n  th e  t r a j e c t o r y  i s  c o n s t r a i n e d  t o  r e m a in  on th e  "ene rgy  
g h e l l 1' i n  phage sp a c e  -  a ( 2 n - l ) - d i m e n s i o n a l  s u r f a c e  i n  n - d l m e n s t o n a l  
phage s p a c e .  I f  t h e  e n e r g y  i s  g i v e n  by t h e  H a m i l t o n i a n ,  t h e n  t h i s  
H a m i l t o n i a n  may be chosen  as one o f  t h e  i n t e g r a l s  o f  t h e  m o t io n ,  s i n c e  
i t s  v a l u e  i s  c o n s t a n t  a lo n g  t h e  t r a j e c t o r y .  Such an i n t e g r a l ,  which
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c a u s e s  t h e  t r a j e c t o r y  t o  he r e s t r i c t e d  t o  a r e g i o n  o f  phase  apace 
r e d u c e d  i n  d im e n s io n  by one i s  r e f e r r e d  t o  as  an i s o l a t i n g  i n t e g r a l .
An i n t e g r a l  which  d o es  no t  so r e s t r i c t  the  t r a j e c t o r y  i s  r e f e r r e d  t o  as 
a  n o n - i s o l a t i n g  i n t e g r a l .  Only I s o l a t i n g  i n t e g r a l s  a r e  o f  p h y s i c a l  i n ­
t e r e s t ,  and  a r e  u s u a l l y  s imply  r e f e r r e d  to  as  i n t e g r a l s .
Aa an example  o f  a s y s te m  which p o s s e s s e s  more th a n  one I s o ­
l a t i n g  i n t e g r a l ,  c o n s i d e r  a tvo-*dimensional harmonic  o s c i l l a t o r .  T h i s
i s  e q u i v a l e n t  t o  a  sy s tem  o f  two uncoupled harmonic  o s c i l l a t o r s .  The
H a m i l t o n i a n  f o r  s u ch  a system i s
( I I . T a )
^  U  t +■ Hy ( I I . 7 b )
In  t h i s  c a s e ,  t h e  e n e r g y  of  e a c h  mode ia co n se rv e d ,
H = E x x
H “ Ey  y
The O n e - d i l t i e n s io n a l  ha rm on ic  o s c i l l a t o r  H a m i l to n ia n s  H , H may h e  t a k e nx y
a s  two i n d e p e n d e n t  I s o l a t i n g  i n t e g r a l s .  The t r a j e c t o r y  would c o n s e ­
q u e n t l y  be  r e s t r i c t e d  t o  a tw o -d im en s io n a l  s u r f a c e  in f o u r - d i m e n s i o n a l  
p h a se  s p a c e .
S in c e  we know t h a t  an n degree o f  freedom system p o s s e s s e s  
2 n - l  i n d e p e n d e n t  i n t e g r a l s  in  g e n e r a l ,  we know t h a t  t h e r e  must be t h r e e
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i n t e g r a l s  f o r  t h i s  p ro b lem .  The t h i r d  i n t e g r a l  may be t a k e n  t o  be  t h e  
r e l a t i v e  p h a se  o f  t h e  x  and y o s c i l l a t o r s  ( t x -  r ) ,  where  <$f  I s  
d e f i n e d  by
X -  A m s i *  f  ^  ■+ 5^ )
and s i m i l a r l y  f o r  ^  ,
I f  t h e  o s c i l l a t o r  f r e q u e n c i e s  a r e  incom m ensurab le  t h e n  t h e  
t r a j e c t o r y  w i l l  n e v e r  c l o s e  on i t s e l f ,  and  t h e  mot ion  w i l l  f i l l  a two- 
d i m e n s i o n a l  s u r f a c e ,  a s  m e n t io n e d  above.  In  t h i s  c ase  t h e  p h a se  d i f ­
f e r e n c e  i s  a  n o n - i s o l a t i n g  i n t e g r a l .  However,  i f  t h e  o s c i l l a t o r  f r e ­
q u e n c i e s  a r e  commensurable  t h e n  th e  t r a j e c t o r y  w i l l  be p e r i o d i c ,  and t h e  
mot ion  w i l l  n o t  f i l l  a  t w o - d i m e n s i o n a l  s u r f a c e ,  b u t  w i l l  be  c o n f i n e d  t o  
a  l i n e  ( a  c l o s e d  L i s s a j o u s  f i g u r e ) .  The phase  d i f f e r e n c e  w i l l  t h e r e f o r e  
be  an i s o l a t i n g  i n t e g r a l ,  and w i l l  s p e c i f y  t h e  e x a c t  c o n f i g u r a t i o n  o f  
t h e  L i s s a j o u s  f i g u r e .  ( F o r  exam ple ,  i f  t h e  f r e q u e n c i e s  and lO^ a r e
e q u a l ,  t h e n  t h e  L i s s a j o u s  f i g u r e  w i l l  be  an e l l i p s e ,  Tf t h e  two o s c i l l a ­
t o r s  a r e  o u t  o f  phase  o f  K /a  r a d i a n s ,  t h e n  [ i f  t h e  a m p l i t u d e s  A , Ax y
a r e  e q u a l )  t h e  e l l i p s e  w i l l  b e  a c i r c l e ;  i f  t h e  o s c i l l a t o r s  a r e  in 
p h a se  t h e n  t h e  e l l i p s e  w i l l  d e g e n e r a t e  i n t o  a  s t r a i g h t  l i n e . )
The c o n n e c t i o n  o f  t h e s e  I d e a s  w i th  t h o s e  p r e v i o u s l y  d i s c u s s e d  
i s  t h a t  i f  t h e  motion i s  q u a s i p e r i o d ! e , t h e n  i t  i s  t o p o l o g i c a l l y  e q u i v a ­
l e n t  t o  f low on an n - d i m e n s i o n a l  t o r u s  i n  2 n - d i m e n s i o n a l  p h a se  s p a c e .
The n - f o l d  r e d u c t i o n  in  d i m e n s i o n a l i t y  o f  t h e  r e g i o n  o f  p h a s e  space  t o  
w h ich  t h e  t r a j e c t o r y  h a s  a c c e s s  im p l i e s  t h a t  n in d e p e n d e n t  i s o l a t i n g
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i n t e g r a l s  e x i s t  i f  t h e  m o t io n  l a  q u a s i p e r i o d i c . These  n i s o l a t i n g  i n ­
t e g r a l s  may b e  ta k en  t o  be t h e  a c t i o n  v a r i a b l e s .
The ca&e t r e a t e d  i n  t h i s  s e c t i o n  i s  s e p a r a b l e ,  and i s  meant  
o n ly  t o  i l l u s t r a t e  t h e  c o n c e p t s  i n v o l v e d .  For n o n s e p a r a b le  c a s e s ,  i t  
i s  u s u a l l y  n o t  p o s s i b l e  t o  p ro c e ed  a n a l y t i c a l l y ,  a l t h o u g h  as  w i l l  be  
shown l a t e r ,  p r o g r e s s  can be made n u m e r i c a l l y .
A number o f  c o n c e p t s  can now be g a t h e r e d  t o g e t h e r .  I f  t h e  
n a t u r e  o f  t h e  n -d e g r e e  o f  freedom prob lem i s  such t h a t  a c t i o n  and a n g l e  
v a r i a b l e s  can  be found ,  t h e  motion w i l l  be  q u & s i p e r i o d i c . Th is  m o t ion  
V i l l  be t o p o l o g i c a l l y  e q u i v a l e n t  t o  f lo w  on an n - t o r u s .  The a n g le  
v a r i a b l e s  can  be r e l a t e d  t o  a n g le s  on t h e  t o r u s .  S in c e  th e  p hase  sp ac e  
i s  P n - d i r a e n s i o n a l , and  t h e  mot ion i s  c o n f in e d  t o  an n-d linens t o n a l  mani­
f o l d ,  i t  f o l l o w s  t h a t  t h e r e  a r e  n in d e p e n d e n t  a c t i o n  v a r i a b l e s .  S in c e  
t h e  n i n d e p e n d e n t  i s o l a t i n g  i n t e g r a l s  d e te rm ine  t h e  n - d im e n s io n a l  s u r ­
fa c e  in  p h a se  apace  t o  which  t h e  t r a j e c t o r y  i a  c o n f i n e d ,  ve  may say  
t h a t  t h e  n a c t i o n  v a r i a b l e s  p a r a m e t e r i z e  t h e  n - t o r u s .  A l l  s e p a r a b l e  
systems have a l l  o f  t h e s e  p r o p e r t i e s .  In F ig .  11 .3  i s  a v i s u a l  a i d  
which i s  i n t e n d e d  t o  a c h e m a t i c a l l y  i l l u s t r a t e  t h a t  i f  one o f  t h e  p r o p e r ­
t i e s  ahovn e x i s t s ,  t h e n  t h e  o t h e r s  f o l l o w .
tiuani p e r i o d !  c i t y
I n v a r i a n t  T o r o id s  ^  I s o l a t i n g  I n t e g r a l s
F ig ,  I I . 3 
V isu a l  Aid
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2.  No n s e p a r a b l e  C l a s s i c a l  Systems
Now t h a t  t h e  c o n c e p t s  o f  q u a a i p e r i o d i c i t y , i n v a r i a n t  t o r i ,  
and  i s o l a t i n g  i n t e g r a l s  have  been  in t r o d u c e d ,  we a re  prepared to  con­
s i d e r  n o n a e p a r a b le  s y s t e m s . We w i l l  begirt by d i s c u s s in g  th e  world done 
by  Henon and He 1 l e g ( h e r e a f t e r  r e f e r r e d  t o  as H & H).
H & H c o n s i d e r e d  a  system o f  two harmonic o s c i l l a t o r s  coupled 
by a n o n l i n e a r  f o r c e .  They w ished  t o  f i n d  ou t  whether t h e  system pos­
s e s s e d  a second  i s o l a t i n g  i n t e g r a l ,  independent o f  the  energy. In
o r d e r  t o  d e t e c t  t h e  e x i s t e n c e  o f  t h i s  i n t e g r a l ,  they  used a mathemat ica l
7 12d e v i c e  known as  a  P o ln c a r^  s u r f a c e  o f  s e c t i o n .  ’ The u se f u ln e s s  o f  
t h i s  t e c h n i q u e  s tems from t h e  f a c t  t h a t  an i s o l a t i n g  i n t e g r a l  r e s t r i c t s  
t h e  d i m e n s i o n a l i t y  o f  t h e  r e g i o n  o f  phase space  t o  which a t r a j e c t o r y  
has  a c c e s s .
In  o r d e r  t o  d e f i n e  a  s u r f a c e  o f  s e c t i o n ,  l e t  us consider  a 
s y s t e m  i n  which t h e  H a m i l to n ia n  i s  an i n t e g r a l  o f  the  motion ( i . e ,  non- 
d i a s i p a t i v e  s y s te m ) .  The mot ion  i n  n -d im ena iona l  phase 3pe.ce w i l l  then 
be c o n f i n e d  t o  t h e  " en e rg y  s h e l l "  -  an ( n - 1 )-d im ens iona l  volume in  phase 
s p a c e .  The P o in c a r ^  s u r f a c e  o f  s e c t i o n  i s  a  c ro s s  s e c t i o n a l  d i sp la y  of 
t h i s  volume.
In o r d e r  t o  more c l e a r l y  i l l u s t r a t e  t h e  na tu re  o f  a su r face  of
s e c t i o n ,  l e t  us c o n s i d e r  a  two degree  o f  freedom system. For such a
s y s t e m ,  p hase  space  i s  fo i r r -d  linen s l o n a l , and th e  motion i s  conf ined  to  
a  t h r e e - d i m e n s i o n a l  energy  s u r f a c e  ( o r  volume).  P o s s ib le  cho ices  fo r  a
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c u r f a c e  o f  s e c t i o n  a r e  t h e  x - p  p l a n e  ( w i t h  y = 0 ) o r  t h e  y - P v p la n eJC j
(w i th  x = 0} .  For exam ple ,  i n  o r d e r  t o  d i s p l a y  t h e  i n t e r s e c t i o n  o f  t h e  
hlener®r s h e l l "  w i th  t h e  y-P^ p l a n e  (w i th  x = 0 ) ,  t h e  t r a j e c t o r y  i s  i n t e ­
g r a t e d  u n t i l  t h e  x c o o r d i n a t e  p a s s e s  t h r o u g h  z e r o .  At t h a t  p o i n t ,  t h e  
v a lu e s  o f  p and  y  a r e  r e c o r d e d .  The m o t io n  i s  t h e n  c o n t i n u e d ,  r e -
y
c o rd in g  p  and y eac h  t im e  t h e  t r a j e c t o r y  p i e r c e s  t h e  x = 0 p l a n e ,  (The
y
t r a j e c t o r y  c o u ld  p a s s  th r o u g h  x = 0 w i t h  e i t h e r  p o s i t i v e  o r  n e g a t i v e  
p ; t h e s e  c r o s s i n g s  a r e  r e c o r d e d  f o r  o n l y  one  c h o i c e ,  say  p ■> 0 ,X -X
N ot ice  a l s o  t h a t  v a l u e s  o f  p ^ ,  y ,  and x (= 0 h e r e }  a lo n g  w i t h  t h e  co n d i ­
t i o n  p  >  0 s p e c i r y  t h e  p o s i t i o n  i n  p h a se  s p a c e  s i n c e  p can be ob-X x
t a i n e d  from t h e  enerfflf e q u a t i o n . )
As an i l l u s t r a t i o n ,  c o n s i d e r  a  t w o - d i m e n s i o n a l  harmonic  o s ­
c i l l a t o r ,
H  -  +- — X*1 ■+■ t  /
I f  t h e  y - p  p la n e  w i t h  x = 0 i s  t a k e n  f o r  a s u r f a c e  o f  s e c t i o n ,  s u c -
y
c e s s i v e  i n t e r s e c t i o n s  o f  t h e  t r a j e c t o r y  w i l l  l i e  on an e l l i p s e .  S im i­
l a r l y ,  i f  t h e  x~Px p l a n e  w i t h  y = 0 i s  t a k e n ,  t h e  g e n e r a t e d  i n t e r s e c ­
t i o n s  v i l l  a g a i n  l i e  on an e l l i p s e .  The two e l l i p s e s  which a r e  o b t a i n e d  
w i l l  e ach  c o n t a i n  i n d e p e n d e n t  i n f o r m a t i o n .  I n  t h i s  c a s e ,  t h e  s i z e  o f  
each e l l i p s e  w i l l  depend on t h e  e n e r g y  i n  t h e  c o r r e s p o n d i n g  mode, o r  
o s c i l l a t o r .
The use  o f  a  P o i n c a r e  s u r f a c e  o f  s e c t i o n  in  d e t e c t i n g  th e  
e x i s t e n c e  o f  an a d d i t i o n a l  i s o l a t i n g  i n t e g r a l  in d e p e n d e n t  o f  t h e  energy
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can b e  seen from t h e  tw o - d im e n s io n a l  c a s e .  I f  no I s o l a t i n g  i n t e g r a l .  
In dependen t  o f  t h e  energy  e x i s t s ,  then  t h e  t r a j e c t o r y  w i l l  have  a c c e s s  
to  a t h r e e - d i m e n s i o n a l  r e g i o n  o f  p hase  s p a c e ,  and w i l l  t h e r e f o r e  g e n e r ­
a te  a  sequence  o f  i n t e r s e c t i o n s  w i t h  t h e  s u r f a c e  o f  s e c t i o n  which w i l l  
f i l l  a  tw o - d im e n s io n a l  r e g i o n .  However,  I f  a s econd  in d e p en d e n t  i s o ­
l a t i n g  i n t e g r a l  e x i s t s ,  then  by  d e f i n i t i o n ,  t h e  t r a j e c t o r y  w i l l  have 
a c c e s s  t o  o n ly  a t w o - d im e n s io n a l  r e g io n  o f  phase  s p a c e .  S ince  t h e  i n t e r ­
s e c t i o n  o f  t h i s  tw o - d im e n s io n a l  r e g i o n  w i t h  t h e  s u r f a c e  o f  s e c t i o n  w i l l  
be a l i n e ,  I t  f o l l o w s  t h a t  t h e  t r a j e c t o r y  w i l l  g e n e r a t e  a  sequence  o f  
i n t e r s e c t i o n s  w i th  t h e  s u r f a c e  o f  s e c t i o n  which Torn a c u rv e .  I t  i s  
t h e r e f o r e  p o s s i b l e  t o  d e t e c t  t h e  p r e s e n c e  o f  a second  in d e p en d e n t  i s o ­
l a t i n g  i n t e g r a l  s im p ly  by f i n d i n g  o u t  w h e t h e r  s u c c e s s i v e  p o i n t s  on th e  
s u r f a c e  o f  s e c t i o n  f i l l  an a r e a  o r  l i n e  on a  l i n e .  ( I t  must he  p o in t e d  
out t h a t  i r  t h e  F o in c a r ^  s u r f a c e  o f  s e c t i o n  p l o t  i s  g e n e r a t e d  u s i n g  
n u m e r ic a l  methods ,  t h e n  th e  e x i s t e n c e  o f  a second i s o l a t i n g  i n t e g r a l  i s  
only s u g g e s t e d  t o  w i t h i n  n u m e r i c a l  a c c u r a c y ,  no t  p r o v e n , )
The p o t e n t i a l  which H & H s t u d i e d  i s  g iv e n  by
T ^ i / 1 =  XV " 3 / 3 ( x r - 8]
I t  i s  c l e a r  t h a t  f o r  low e n e r g i e s  ( s m a l l  a m p l i t u d e s )  t h e  p o t e n t i a ]  
d e s c r i b e s  weakly co u p led  harm onic  o s c i l l a t o r s ,  w h i l e  a s  t h e  energy 
( o r  a m p l i t u d e )  i n c r e a s e s ,  t h e  c u b i c  te rm s  grow more r a p i d l y  t h a n  th e  
q u a d r a t i c  t e r m s ,  and t h e  e f f e c t  o f  t h e  c o u p l i n g  i n c r e a s e s .
?0
A Fbineare surface o f  s e c t io n  which !l 4 H observed for an
e n e r g y  E = .08333 i s  shown i n  F ig ,  I I . 1*, Each s e t  o f  p o i n t s  l y i n g  on
a c u r v e  c o r r e s p o n d s  t o  a s i n g l e  t r a j e c t o r y .  I f  t h e  x =* 0 p la n e  I s
u sed  fo r  a s u r f a c e  o f  s e c t i o n *  v e  have ( s i n c e  p ^  0 )X
1 ^ * - *  > r') -  E l  ( U , 9 )
The o u t e r  c o n t o u r  In  t h e  d ia g ra m  i 3 g i v e n  by th e  l i m i t  o f  t h i s  i n e q u a l i t y .
- 0 4
0 4
- 0 .4 0 4
r i g .  i i . f *
S u r f a c e  o f  S e c t io n  a t  Low Energy
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In  Fig* I I . 5 i s  shown a s u r f a c e  o f  s e c t i o n  f o r  B = . 16667* 
A l l  o f  t h e  i s o l a t e d  p o i n t s  c o r r e s p o n d  t o  a s i n g l e  t r a j e c t o r y .
-0 .4
a
0.4
0 4- 0 .4
S u r fa ce  o f  S e c t i o n  a t  High Energy  
F ig .  I I . 5
C l e a r l y ,  t h e  b e h a v io r  o f  t h i s  t r a j e c t o r y  d i f f e r s  from t h a t  shown in  
F i g .  I I .  U, I t  i s  a p p a r e n t l y  more o r  l e s s  r&hdotnly f i l l i n g  afl a r e a  
i n s t e a d  o f  g e n e r a t i n g  a  c u rv e .
C onc lus ions  must  be drawn c a r e f u l l y  from th e  r e s u l t s  pub­
l i s h e d  by H & H. The c o n c l u s i o n s  w h ich  t h e y  d rew  a r e  t h a t  t h e  motion 
a t  low e n e r g i e s  i s  c h a r a c t e r i z e d  by t h e  e x i s t e n c e  o f  two in d e p e n d e n t  
i s o l a t i n g  i n t e g r a l s ,  w h i l e  t h e  m o t io n  a t  h ig h  e n e r g i e s  i s  c h a r a c t e r i z e d  
b y  t h e  e x i s t e n c e  o f  on ly  one i s o l a t i n g  i n t e g r a l .  In  o t h e r  words ,  t h e y
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c o n c lu d ed  t h a t  mot ion  a t  low e n e r g i e s , n e a r  t h e  s e p a r a b l e  l i m i t *  i a  
q u a s i p e r i o d i c , whereas  m o t ion  a t  h ig h  e n e r g i e s  i s  p r i m a r i l y  l,e r g o d i c tl.
(They used t h i s  t e rm  l o o s e l y ,  a s  w i l l  be  d i s c u s s e d  s h o r t l y .  L e t  us 
r e f e r  t o  such t r a j e c t o r i e s  a s  i r r e g u l a r . ) H ft H found t h a t  t h e  t r a n ­
s i t i o n  from q u a s i p e r i o d i c  b e h a v i o r  began  a t  an e n e r g y  o f  a p p r o x i m a t e l y  
E = 0 . 1 1 t and t h a t  th e  f r a c t i o n  o f  q u a s i p e r i o d i c  t r a j e c t o r i e s  f e l l  
e s s e n t i a l l y  l i n e a r l y  t o  a p p r o x i m a t e l y  z e r o  a t  t h e  escape  e n e r g y  f o r  t h e  
p o t e n t i a l  E -  0.166&T.
Such compute r  e x p e r i m e n t b n e c e s s a r i l y  g i v e  an o v e r s i m p l i f i e d  
v iew o f  t h e  s i t u a t i o n ,  how ever .  The f u l l  c o m p le x i ty  o f  n o n - s e p a r a b l e
dynamical  systems i s  r e v e a l e d  by t h e  theorems o f  Kolmogorov, A r n o I ' d
T, t 1 0 ,1 5 ,1 6  t  , . X 1 0 c ,d ,17ana Moser IKAMJ, t h e  s t u d y  o f  a r e a - p r e s e r v i n g  m app ings ,
and f u r t h e r  nu m er ica l  e x p e r i m e n t s ,  a l l  o f  which h a v e  been  r e v iew ed  by
F o r d . 17
The KAM theorem e s t a b l i s h e s  t h e  p r e s e r v a t i o n  o f  q u a s i p e r i o d i c  
mot ion  under  sm a l l  p e r t u r b a t i o n s .  KAM b e g in  from u n p e r t u r b e d  H a m i l to n ia n s  
t h a t  have on ly  q u a s i p e r i o d i c  t r a j e c t o r i e s ,  and t h e y  assume t h a t  t h e  
f r e q u e n c i e s  f o r  t h e s e  t r a j e c t o r i e s  v a r y  c o n t i n u o u s l y  as a f u n c t i o n  o f  
t h e  a m p l i t u d e s .  Hence a s  t h e  a m p l i t u d e s  v a r y ,  t h e  f r e q u e n c i e s  sweep 
t h ro u g h  r a t i o n a l  and i r r a t i o n a l  r a t i o s ;  s i n c e  t h e  r a t i o n a l  numbers form 
a  s e t  o f  measure zero  among t h e  r e a l s *  we may s ay  t h a t  " m o s t1' o f  t h e  
u n p e r tu r b e d  t r a j e c t o r i e s  h ave  i r r a t i o n a l  f r e q u e n c y  r a t i o s .  T h e i r  theo rem  
a p p l i e s  o n ly  t o  t h i s  s u b s e t  o f  a l l  t h e  t r a j e c t o r i e s ;  abou t  each  un­
p e r t u r b e d  t r a j e c t o r y  t h a t  h a s  a  r a t i o n a l  f r e q u e n c y  r a t i o  ( t h e s e  t r a j e c t o r i e s
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a r e  d e n se )  t h e y  d e l e t e  a  sp ac e  t h a t  h a s  a  sm a l l  h u t  f i n i t e  m easure .
They t h e n  can p rove  t h a t  t h e  r e s t  o f  t h e  U n p e r tu rb e d  t r a j e c t o r i e s  -  
t h o s e  v i t h  f r eq u e n c y  r a t i o s  t h a t  a r e  n o t  r a t i o n a l  and no t  s u f f i c i e n t l y  
c l o s e  t o  a r a t i o n a l  -  rem a in  q u a s i p e r i o d i c  u nde r  c e r t a i n  smal l  p e r t u r ­
b a t i o n s .  KAM have shown t h a t  t h e s e  p r e s e r v e d  t o r i  d o m ina te  f o r  s m a l l  
p e r t u r b a t i  o n s .
What happens  t o  t h e  t r a j e c t o r i e s  w i th  n e a r l y  r a t i o n a l  f r e ­
quency  r a t i o s  depends upon t h e  n a t u r e  o f  t h e  p e r t u r b a t i o n .  There  may 
e x i s t  n o n - s e p a r a b l e  sys tem s  t h a t  have  o n ly  q u a s i p e r i o d i c  t r a j e c t o r i e s ,  
b u t  I f  t h e y  do e x i s t *  t h e y  a r e  t h e  e x c e p t i o n a l  c a seB .  Though l i t t l e  i s  
known e x a c t l y ,  f o r  t h e  g e n e r a l  n o n - s e p a r a b l e  H a m i l t o n i a n ,  i t  a p p e a r s  t h a t  
t h o s e  t r a j e c t o r i e s  t h a t  a r e  n o t  covered  by t h e  KAM theorem te n d  t o  have 
s o - c a l l e d  i r r e g u l a r  b e h a v i o r -  The r e g i o n s  t h a t  can s u p p o r t  i r r e g u l a r  
m ot ion  a r e  d e n s e ,  and o f  f i n i t e  measure .
(With r e g a r d  t o  r e f e r r i n g  t o  t h e  i r r e g u l a r  t r a j e c t o r i e s  as
e r g o d i c ,  i t  must b e  p o i n t e d  o u t  t h a t  t h e  e x i s t e n c e  o f  q u a s i p e r i o d i c
t r a j e c t o r i e s  o f  n o n - z e r o  m easu re  i s  i n c o n s i s t e n t  w i t h  e r g o d i c  b e h a v i o r ,
a s  t r a d i t i o n a l l y  d e f i n e d .  T h i s  i s  b e c a u s e  an ensem ble  av e rag e  o v e r
p h a se  s p a c e  would In c lu d e  a s e t  o f  p o s i t i v e  measure  o f  t r n j e c t o r i e E
ITw hich  remain  f o r e v e r  on i n v a r i a n t  t o r i .  Ford s u g g e s t s  t h a t  f o r  t h r e e  
o r  more d e g r e e s  o f  f reedom,  c a s e s  may e x i s t  (commensurable  2e r o - o r d e r  
f r e q u e n c i e s )  in  which t h e  volume o f  p hase  space  o c c u p i e d  by q u a s i ­
p e r i o d i c  t r a j e c t o r i e s  may be so sm a l l  a s  t o  be p h y s i c a l l y  i n s i g n i f i c a n t ,  
i n  which  c a s e  he s u g g e s t s  t h a t  t h e  mot ion  may be e r g o d i c  " f o r  a l l  p r a c t i c a l
2h
p u r p o s e s " ,  The two d e g r e e  o f  freedom c a s e  i s  u n i q u e  in t h a t  i r r e g u l a r  
t r a j e c t o r i e s  must rem a in  t r a p p e d  between i n v a r i a n t  t o r o i d s .  In t h a t  
c a s e  a s i n g l e  e r g o d i c  t r a j e c t o r y  cannot have  a c c e s s  t o  even t h e  e n t i r e  
i r r e g u l a r  r e g i o n ,  l e t  a lo n e  t o  t h e  q u a s i p e r i o d i c  r e g i o n s . )
These c o n s i d e r a t i o n s  p e r m i t  a more com p le te  i n t e r p r e t a t i o n  
o f  th e  H & H c a l c u l a t i o n s .  The l i m i t a t i o n s  o f  computer a c c u r a c y  make 
i t  appea r  t h a t  t h e  low energy  t r a j e c t o r i e s  a r e  e n t i r e l y  q u a s i p e r i o d i c ,  
bu t  i n  g e n e r a l  we must e x p e c t  t h e  e x i s t e n c e  o f  i r r e g u l a r  t r a j e c t o r i e s  
occupy ing  very s m a l l  bu t  f i n i t e  r e g io n s  even a r b i t r a r i l y  c l o s e  t o  E = 0,  
The q u a s i p e r i o d i c  t r a j e c t o r i e s  w i l l  dom ina te ,  however.  F u r t h e r m o r e ,  
an i r r e g u l a r  t r a j e c t o r y  may a p p e a r  to  be q u a s i p e r i o d i c  w i t h i n  computer  
accuracy  because  i t  i s  t r a p p e d  be tween two q u a s i p e r i o d i c  t r a j e c t o r i e s .
At h igh  e n e r g i e s ,  however ,  t h e  e f f e c t s  o f  t h e  non—s s p a r a b l e  p e r t u r b a t i o n  
a r e  l a r g e r ,  and i r r e g u l a r  t r a j e c t o r i e s  dom ina te .
B, The Mature o f  Quantum S t a t e s
This  t h e s i s  i s  p r i m a r i l y  concerned  w i th  q u a n t i z i n g  n o n s e p a r a b l e  
m u l t i d i m e n s io n a l  sy s te m s  u s i n g  s e m i c l a s s i c a l  m e thods .  Such methods  U3e 
knowledge o f  t h e  c l a s s i c a l  m e c h a n ic a l  b e h a v io r  o f  a  system in  o r d e r  t o  
o b t a i n  I n f o rm a t io n  ab o u t  quantum mechanica l  b e h a v i o r  o f  t h e  s y s te m .
U n t i l  r e c e n t l y  o n l y  o n e - d i m e n s i o n a l  sy s te m s ,  o r  s e p a r a b l e  m u l t i d i m e n ­
s i o n a l  systems h a v e  been  t r e a t e d  u s ing  s e m i c l a s s i c a l  methods (B o h r -  
Somuierfeld q u a n t i z a t i o n ,  WKB m e th o d s ) .  Such sys tem s  alwaya d i s p l a y  
q u a s i p e r i o d i c  c l a s s i c a l ,  b e h a v i o r ,  and s e m i c l a s s i c a l  methods d e v i s e d  t o
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d a t e  have r e l i e d  on t h i s  p r o p e r t y .  I f  n o n a e p a r a b le  sys tem s  a re  t o  be 
t r e a t e d  s e m i c l a s s i c a l l y , th e n  t h e  e x t r e m e ly  c o m p l i c a t e d  c l a s s i c a l  h e -
2-0h a v io r  d i s c u s s e d  i n  t h e  p r e v io u s  s e c t i o n  must he c o n s i d e r e d .  E i n s t e i n  
appears  t o  be one o f  t h e  f i r s t  t o  c o n s id e r  t h e  q u a n t i z a t i o n  o f  non- 
s e p a ra b le  ay s te m s -
E i n s t e i n ^ * ^  p o i n t e d  ou t  t h a t  i f  t h e  t r a j e c t o r y  i s  p l o t t e d  
i n  c o n f i g u r a t i o n  space ( i . e .  i n  th e  space  d e f i n e d  by t h e  c o o r d i n a t e s  q ) ,
and I f  one lo o k s  a t  an e lem en t  Ax , t h e n  each p a s s a g e  o f  t h e  t r a j e c t o r y
w i l l  g ive  r i s e  t o  a momentum v e c t o r  p . Two p o s s i b i l i t i e s  a r i s e :  e i t h e rR
t h e  v e c to r s  p r e p e a t ,  so t h a t  on ly  a  f i n i t e  number b e lo n g  t o  each ,
it
30 t h a t  p, can b e  w r i t t e n  as  a  s i n g l e -  o r  many-va lued  f u n c t i o n  o f  q , o r
it K
an i n f i n i t e  number o f  p^ pass  th ro u g h  , so t h a t  c an n o t  be w r i t t e n
as  a f u n c t io n  o f  q , The fo rmer  case  a p p l i e s  t o  a  q u a s i p e r i o d i c  t r a j e c -ft
t o r y  such a s  t h e  one shown i n  F ig .  I I . 2 a ,  and t h e  l a t t e r  c a s e  a p p a r e n t l y
a p p l i e s  t o  t h e  " e r g o d ic "  t r a j e c t o r y  shown in  F ig .  I I . 2 b, S in c e  a l l
p r e s en t  s e m i c l a s s i c a l  methods a r e  based  in  one way o r  a n o t h e r  on e v a l u a t i n g  
phase i n t e g r a l s ,  t h e  q u e s t i o n  o f  whether  t h e  momentum can be e x p r e s s e d  
as  a f u n c t io n  o f  t h e  c o o r d i n a t e s  i s  o f  t h e  u tm o3t  im p o r tan ce ,
P e r c i v a l  has  s p e c u l a t e d  on t h e  consequences  o f  th e  t r a n s i t i o n  
from dominan t ly  r e g u l a r  t o  dom inan t ly  i r r e g u l a r  mot ion  i n  c l a s s i c a l  
mechanics.  He p o s t u l a t e s  t h a t  t h e r e  w i l l  e x i s t  some c o r r e s p o n d i n g  t r a n ­
s i t i o n  in  quantum mechanics ,  and he r e f e r s  t o  t h e  quantum m ech an ica l  
energy  l e v e l s  which a r e  c h a r a c t e r i z e d  by p r e d o m in a n t ly  q u a s i p e r i o d i c  
motion in  th e  c l a s s i c a l  l i m i t  a s  fo rming  t h e  r e g u l a r  sp ec t ru m ;  t h e  l e v e l s  
c h a r a c t e r i z e d  by p redom inan t ly  Fte r g o d i c lt mot ion  In t h e  c l a s s i c a l  l i m i t  
he c a l l s  t h e  i r r e g u l a r  spec t rum .
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P e r c i v a l  compares  t h e  p r o p e r t i e s  o f  t h e  r e g u l a r  s p e c t r u m ,  and 
h i s  p o s t u l a t e d  i r r e g u l a r  spectrum* For t h e  r e g u l a r  s p e c t r u m ,  he w r i t e s ;  
Rl. A q u a n t a l  s t a t e  may be l a b e l e d  by t h e  v e c t o r  quantum number
" -  o ,  > >*N )
R2. A s t a t e  w i t h  quantum number n c o r r e s p o n d s  t o  t h o s e  p h a s e -  
space t r a j e c t o r i e s  o f  t h e  c o r r e s p o n d i n g  c l a s s i c a l  sy s tem  t h a t  
l i e  i n  an N - d im e n s lo n a l  i n v a r i a n t  t o r o i d  w i th  a c t i o n  c o n s t a n t s  
g iv e n  by quantum c o n d i t i o n s
R3. The q u a n t a l  s t a t e  must r e s o n a t e  a t  f r e q u e n c i e s  c l o s e  t o  
t h o s e  o f  t h e  c o r r e s p o n d i n g  c l a s s i c a l  motion* Given two quan­
t a l  s t a t e s  w i th  one n d i f f e r i n g  by u n i t y  and t h e  o t h e r s  t h e
.ft
same, th e  P la n c k  r e l a t i o n  f o r  t h e i r  e n e rg y  d i f f e r e n c e  i s
* u > k
where lO^  i s  a  fu n d a m e n ta l  f r e q u e n c y  on t h e  c o r r e s p o n d i n g  
t o r o i d ,
Rh, A " n e i g h b o r i n g  s t a t e "  t o  a  s t a t e  n°  w i th  e n e rg y  E° i s  a 
s t a t e  w i th  v e c t o r  quantum number n c l o s e  t o  n ^ ,  w i th  e n e rg y  
d i f f e r e n c e  no more t h a n  a  sm a l l  m u l t i p l e  o f  t h e  maximum
M E J  -
R5, We now use  t h e  c o r r e s p o n d e n c e  p r i n c i p l e  f o r  weak p e r ­
t u r b a t i o n s ,  whose most w e l l -know n  form i s  t h e  c o r r e s p o n d e n c e  
p r i n c i p l e  f o r  i n t e n s i t y  o f  r a d i a t i o n .  Under weak e x t e r n a l
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p e r t u r b a t i o n s  t h e  s t a t e  l a  much more s t r o n g l y  coup led  
t o  ne ighbor ing  s t a t e s  t h a n  to  o t h e r  s t a t e s ,  w i th  th e  
c o u p l i n g  t en d in g  t o  d e c r e a s e  r a p i d l y  w i th  I n -  n° I .
For t h e  i r r e g u l a r  sp e c t ru m  he p o s t u l a t e s :
The co r re spondence  p r i n c i p l e  p r e d i c t s  p r o p e r t i e s  o f  an 
i r r e g u l a r  spectrum in  s t r i k i n g  c o n t r a s t  t o  t h o s e  o f  a 
r e g u l a r  spectrum:
11. There  i s  no unambiguous a s s ig n m e n t  o f  a v e c t o r  quantun 
number t o  a s t a t e
12. The d i s c r e t e  bound s t a t e  q u a n t a l  s p e c t ru m  must t e n d  to a 
c o n t in u o u s  c l a s s i c a l  spectrum i n  t h e  c l a s s i c a l  l i m i t .  The 
f r e q u e n c i e s
[ e O T )  -  “ *
f o r  f i x e d  s t a t i o n a r y  s t a t e  an d  v a r y in g  form a d i s c r e t e
d i s t r i b u t i o n  t h a t  t e n d s  t o  t h e  c o n t i n u o u s  d i s t r i b u t i o n  i n  t*J . 
The d i s t r i b u t i o n  o f  l e v e l s  o f  t h e  i r r e g u l a r  spec t rum  c o u ld  
t a k e  on the  a p p ea ran ce  o f  a random d i s t r i b u t i o n .
13. By app ly ing  t h e  c o r r e s p o n d e n c e  p r i n c i p l e  fo r  weak p e r ­
t u r b a t i o n s ,  t h e r e  a r e  no n e i g h b o r i n g  s t a t e s  in  t h e  sense  of 
(RU) and (RJ). Except f o r  s e l e c t i o n  r u l e s  and a c c i d e n t s ,  a 
s t a t e  o f  an i r r e g u l a r  spec t rum  i s  coupled  by  a  weak p e r t u r b a ­
t i o n  w i th  i n t e n s i t i e s  o f  s i m i l a r  magni tude  t o  a l l  t h o s e  s t a t e s  
o f  a s i m i l a r  energy  t h a t  c o r r e s p o n d  t o  t h e  same i r r e g u l a r
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r e g i o n  o f  c l a s s i c a l  phase  s p a c e .  The number o f  su ch  s t a t e s
i s  very  l a r g e *  o f  o r d e r
w here  i s  a  t y p i c a l  quan tum  num ber .
I*+. The e n e r g i e s  o f  t h e  i r r e g u l a r  s p e c t r u m  a r e  m o re  s e n s i t i v e
t o  a s low ly  c h a r g i n g  o r  f i x e d  p e r t u r b a t i o n  t h a n  t h o s e  o f  t h e
r e g u l a r  s p ec t ru m .
In  o r d e r  t o  t e s t  P e r c i v a l ’s h y p o t h e s i s  a b o u t  t h e  i r r e g u l a r  
+^es p e c t r u m ,  Pomphrey p e r f o r m e d  some n u m e r i c a l  e x p e r i m e n t s  on  t h e  s y s t e m
c o n s i d e r e d  by H^non and H e i l e s .  Having a d d e d  a p a r a m e t e r  t o  a d j u s t
t h e  s t r e n g t h  o f  t h e  p e r t u r b a t i o n ,  he c o n s i d e r e d  a  H a m i l t o n i a n  o f  t h e  
fo rm
He c a l c u l a t e d  e n e r g y  l e v e l s  quantum m e c h a n i c a l l y  by c h o o s i n g  a  b a s i s  s e t  
and  d i a g o n a l ! z i n g  a  m a t r i x .  I n  o r d e r  t o  d e t e r m i n e  t h e  s e n s i t i v i t y  o f  
t h e  e n e rg y  l e v e l s  t o  v a r i a t i o n s  i n  t h e  p o t e n t i a l  p a r a m e t e r s ,  he  v a r i e d  
o< s l i g h t l y ,  c a l c u l a t i n g  a s p ec t ru m  w i t h  v a r y i n g  f rom  0 . 9 0  t o  0 . 8 6
i n  s t e p s  o f  . 0 0 1 . The s e n s i t i v i t y  t o  p{ was measured  by c o n s i d e r i n g  
s e c o n d  d i f f e r e n c e s  d e f i n e d  by
29
where  i  d e n o t e s  t h e  p a r t i c u l a r  e i g e n v a l u e  under  i n v e s t i g a t i o n .  Pomphrey 
found t h a t  o f  t h e  sev en ty  s t a t e s  i n v e s t i g a t e d ,  tw e l v e  were  s u b s t a n t i a l l y  
more s e n s i t i v e  t o  v a r i a t i o n s *  and p o s s e s s e d  second  d i f f e r e n c e s  which 
were  ab o u t  an o r d e r  o f  magni tude  g r e a t e r  t h a n  t h o s e  f o r  t h e  l e s s  s e n s i ­
t i v e  s t a t e s .
Though t h e s e  r e s u l t s  p ro v id e  some e v id e n c e  f a v o r a b l e  t o
l 6P e r c i v a l r s h y p o t h e s i s *  t h i s  e v id e n c e  i s  n o t  y e t  c o n c l u s i v e .  Mold has
r e p e a t e d  t h i s  c a l c u l a t i o n ,  b u t  d i v i d i n g  t h e  second  d i f f e r e n c e s  by th e
e n e r g y ;  he cou ld  f in d  no a b r u p t  change t h a t  would s u g g e s t  a  q u a l i t a t i v e
change i n  t h e  n a t u r e  o f  t h e  spec t rum .  In  a d d i t i o n ,  he n o te d  t h a t  some
o f  t h e  r a t h e r  co n v o lu te d  q u a s i p e r i o d i c  t r a j e c t o r i e s  t h a t  e x i s t  a t  h igh
e n e r g i e s  a r e  ve ry  s e n s i t i v e  t o  p e r t u r b a t i o n s ,  so any quantum s t a t e s  t h a t
a r e  b a se d  on such t r a j e c t o r i e s  must  a l s o  b e  v e ry  s e n s i t i v e .
In t h e  n e x t  s e c t i o n ,  we w i l l  i n v e s t i g a t e  c u r r e n t  s e m i c l a a s i c a l
m ethods .  The c l a s s i c a l  m e c h a n ic a l  n a t u r e  o f  n o n s e p a r a b l e  s y s te m s ,  and
t h e  c o n se q u e n t  e f f e c t  on t r a d i t i o n a l  q u a n t i z a t i o n  t e c h n i q u e s  and t h e
quantum m e c h a n ic a l  sp ec t ru m ,  a s  i n v e s t i g a t e d  by E i n s t e i n  and P e r c i v a l ,
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s h o u ld  be k e p t  i n  mind. Except f o r  t h e  method o f  G u t z w l l l e r  , a l l  p r e s e n t  
methods  o f  s e m i c l a a s i c a l  q u a n t i z a t i o n  a r e  l i m i t e d  i n  t h e i r  a p p l i c a b i l i t y  
t o  sys tem s  t h a t  have d o m in an t ly  o r  e n t i r e l y  q u a s i p e r i o d i c  c l a s s i c a l  
b e h a v i o r .
C. S e m i c l a s s i c a l  Methods f o r  t h e  Q u a s i p e r i o d i c  Case
As d i s c u s s e d  e a r l i e r ,  s e m i c l a s s i c a l  methods u s e  knowledge o f  
t h e  c l a s s i c a l  m e ch an ica l  b e h a v i o r  o f  a s y s te m  i n  o r d e r  t o  o b t a i n
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I n f o r m a t i o n  a b o u t  t h e  quantum mechanical  s t a t e  o f  t h e  sys tem.  Semi-  
c l a s s i c a l  methods can be  a p p l i e d  t o  both s c a t t e r i n g  and  hound s t a t e s ,  
h u t  we w i l l  o n ly  use  i t  t o  c a l c u l a t e  energy l e v e l s .  As t h i s  s e c t i o n  
w i l l  s h o w ,  t h e  a c t i o n  v a r i a b l e s  in t roduced  i n  t h e  l a s t  s e c t i o n  have a  
c e n t r a l  r o l e  i n  s e m i c l a B s i c a l  q u a n t i t a t io n  methods .  I n  o rd e r  t o  i l l u s ­
t r a t e  t h i s  r o l e ,  l e t  us b e g i n  by rev iewing  t h e  one " d i m e n s i o n a l  WKB 
method.
1 . Review o f  One-Dimensional WKB method 
Given t h e  t im e  Independen t  Schrod inge r  e q u a t i o n
d  %  £  L
l e t  us w r i t e  t h e  w a v e f u n c t io n  ^  as
" f  =  A e r S
( S i n c e  we w i l l  l a t e r  n e ed  For reg ions  i n a c c e s s i b l e  to  c l a s s i c a l
p a r t i c l e s ,  S i s  no t  r e s t r i c t e d  t o  be r e a l .  R e q u i r i n g  S and In  A to  be
even  f u n c t i o n s  o f  w i l l  e n s u r e  uniqueness  o f  G and A . )  I f  t h i s  form
i s  s u b s t i t u t e d  i n t o  t h e  S c h r o d in g e r  e q u a t io n ,  t h e  F o l low ing  e x a c t  e q u a -
19t i o n s  f o r  S and A a r e  o b t a i n e d :
^ d £ ' ' j  -  i w  ( B  -  S/) -
A  ( I t . 13)
j  4 4  d £  a  =  o
A X  d K  A X *  f I I . Ik)
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The c o n t i n u i t y  e q u a t i o n  ( 1 1 . 1 ^ )  c a r  toe I n t e g r a t e d  t o  y i e l d
a  =  ■ ( H ) " * ( I T , 15}
I f  t h e  e x p r e s s i o n  f o r  A and i t s  second d e r i v a t i v e  a r e  nov 
s u b s t i t u t e d  i n t o  ( 1 1 . 1 3 ) ,  t h e  f o l l o w i n g  e q u a t i o n  f o r  3 i s  o b t a i n e d
dJS J j S
4 * '  , /  d * *
i  &  ) - 1  (■j_S I -L \  d S  / (  ( I I -l 6 >
dy dv
So f a r ,  no  a p p r o x i m a t i o n s  have b e e n  made,  and e q n s .  I I . 15 a n d  I T . l f i  o r e
r i g o r o u s l y  e q u i v a l e n t  t o  t h e  S c h r o d i n g e r  e q u a t i o n .  Let us now expand  
2
S i n  p o w ers  o f  ft ;
jS  ~ ti S f * ' ( I I . I T )
and s u b s t i t u t e  i n t o  ( l l . l 6 ).  The WKB a p p r o x im a t io n  c o n s i s t s  o f  r e t a i n i n g  
o n ly  s e r o - o r d e r  t e r m s  i n  ft ;  t h e  f o l l o w i n g  e q u a t i o n  r e s u l t s :
( & N  ( i f ') 1  =  A W I e -  ^ (x,l  •
I n s p e c t i o n  o f  ( I I . 1 6 ) shows t h a t  t e rm s  o f  h i g h e r  o r d e r  In  ft may be  neg ­
l e c t e d  o n l y  where E -  V ?* 0 ,  a n d  f u r t h e r m o r e  o n ly  where V doe3 n o t  v a r y  
so r a p i d l y  t h a t  h i g h e r  d e r i v a t i v e s  o f  5 become i m p o r t a n t .  E q u a t io n  ( I I . 1 8 )
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I s  r e c o g n ized  as t h e  t ime independent  Hamil ton-Jacobi  e q u a t io n  ( I I - l )  
where Ot, = E and W = SQ. We 3ee  t h e r e f o r e  t h a t  in t h e  c l a s s i c a l  l i m i t  
o f  -p- 0 t h e  quantum mechanics i s  approximated by c l a s s i c a l  mechanics.
The d i f f e r e n t i a l  e q u a t io n  ( I l . l f i )  may be i n t e g r a t e d  f o r  two 
re g io n s  -  t h a t  where E > V(x}, and t h a t  where E < V(x), Let ua use  
t h e  d e f i n i t i o n s
. m [ e  -  vm'l
k < n  *  J  ----------- E- > V(*) (1 1 .1 9 )
and
7 < ( X ) S  f* ^  t ^(I) E 1 4*r £ <  Vfxl (11 .20)
V V-1.
Using t h e s e  a b b r e v i a t i o n s  we see  t h a t  t h e  WKB s o l u t i o n  to  the  S ch rod inge r  
eq u a t io n  i s  a l i n e a r  com bina t ion  o f  s o l u t i o n s
X
Y e a  -  t o S  (  < ? )  f o r  ( I I . 21)
and
V i a  -  ± 7 e “  *  S e *1 ■kr E <  V( X)
( 1 1 . 2 2 )
where ^  tv  a re  c o n s t a n t s ,  and where x^ i s  any con s tan t  f o r  which 
t h e  i n t e g r a l  I s  convergen t .
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N o t i c e  t h a t  in  t h e  c l a s s i c a l l y  a l l o w e d  r e g i o n  the  v a v e f u n c t i o n  
i s  o s c i l l a t o r y ,  b u t  h a s  a v a r y i n g  w a v e l e n g t h .  In  t h e  c l a s s i c a l l y  f o r ­
b i d d e n  r e g i o n ,  t h e  v a v e f u n c t i o n  i s  a  c o m b in a t io n  o f  e x p o n e n t i a l l y  In ­
c r e a s i n g  o r  d e c r e a s i n g  f u n c t i o n s ,  b u t  w i th  v a r y i n g  growth o r  decay  r a t e s .  
I f  t h e  p o t e n t i a l  were  a c o n s t a n t ,  t h e n  t h e  Schr t td inger  eq u a t io n  would 
h a v e  b e e n  e x a c t l y  s o l v a b l e ,  an d  w ould  have  y i e l d e d  s i n e s  and c o s i n e s  in  
t h e  a l l o w e d  r e g i o n s ,  and I n c r e a s i n g  o r  d e c r e a s i n g  e x p o n e n t i a l s  i n  t h e  
f o r b i d d e n  r e g i o n s .  I t  i s  r e a s o n a b l e  t o  e x p e c t  t h a t  i f  t h e  p o t e n t i a l  
I s  a l l o w e d  t o  v a r y  s l o w l y ,  t h e  r e s u l t i n g  v a v e f u n c t i o n  would be s i n e s  and 
c o s i n e s  ( o r  e x p o n e n t i a l s )  b u t  w i t h  s lo w ly  v a r y i n g  a rguments .  The con­
d i t i o n  f o r  v a l i d i t y  o f  t h e  WKB a p p r o x i m a t i o n  i s  t h e r e f o r e  e a s i l y  u n d e r ­
s t o o d  t o  be  t h a t  t h e  p o t e n t i a l  n o t  v a r y  s i g n i f i c a n t l y  over  th e  d i s t a n c e  
o f  o n e  w a v e l e n g t h  o r  decay  l e n g t h ,
A d i f f i c u l t y  a r i s e s  I n  e m p lo y in g  t h e  WKB approx im at ion  when 
J o i n i n g  s o l u t i o n s  d e f i n e d  I n  r e g i o n s  s e p a r a t e d  by a  c l a s s i c a l  t u r n i n g  
p o i n t  ( i . e .  w h e r e  E -  V = 0 ) .  I n  t h e  r e g i o n  o f  t h e  t u r n i n g  p o i n t ,  t h e
H a m i l t o n - J a c o b i  e q u a t i o n  d o e s  n o t  a p p r o x im a te  t h e  Schrt id inger e q u a t i o n ,
20ho t h e  l a t t e r  m us t  b e  s o l v e d  d i r e c t l y .  As p o i n t e d  o u t  by Langer,  i t  
i s  n o t  n e c e s s a r y  t o  s o l v e  t h e  SehrcJd inger  e q u a t i o n  f o r  th e  e x a c t  p o t e n ­
t i a l  V ( x ) ,  b u t  m e r e l y  t o  a p p r o x i m a t e  t h e  p o t e n t i a l  by a  l i n e a r  f u n c t i o n  
i n  t h e  v i c i n i t y  o f  t h e  t u r n i n g  p o i n t .  I f  t h i s  i s  done ,  th e  s o l u t i o n  can 
b e  e x p r e s s e d  d i r e c t l y  in  t e r m s  o f  A i r y  f u n c t i o n s ,  o r  i n  terms o f  B e s s e l  
f u n c t i o n s  o f  o r d e r  1 / 3 .  A i r y  f u n c t i o n s  h a v e  t h e  p r o p e r t y  o f  b e in g  
o s c i l l a t o r y  i n  t h e  c l a s s i c a l l y  a l l o w e d  r e g i o n ,  and  e x p o n e n t i a l  i n  t h e  
c l a s s i c a l l y  f o r b i d d e n  r e g i o n .  By em plo y in g  t h e  a sy m p to t i c  r e p r e s e n t a t i o n
3i)
o f  t h e  A i r y  f u n c t i o n  I n  t h e  r e g i o n s  away f rom t h e  t u r n i n g  p o i n t ,  t h e  WKB 
s o l u t i o n s  o f  t h e  c l a s s i c a l l y  a l l o w e d  r e g i o n  may h e  J o i n e d  s m o o th l y  t o  t h e  
WKB s o l u t i o n s  o f  t h e  c l a s s i c a l l y  f o r b i d d e n  r e g i o n *
I f  t h e s e  s t e p s  a r e  c a r r i e d  o u t ,  t h e  f o l l o w i n g  c o n n e c t i o n
19f o r m u l a s  r e s u l t :
— I -
o r C-OS (  K t )b
V  t e r r i e r
O*' i f t f '
/
( 11 .23)
( n .  21+)
w h e r e  h i s  t h e  t u r n i n g  p o i n t  w i t h  b a r r i e r  t o  t h e  l e f t ,
j f ‘ « (  ( » * ■ - ■ ? >  * — (11.25)
an.
( 1 1 . 2 6 )
w here  a i s  t h e  t u r n i n g  p o i n t  w i t h  b a r r i e r  t o  t h e  r i g h t .  T hese  c o n n e c ­
t i o n  f o r m u l a s  may b e  s a f e l y  u s e d  o n l y  i n  t h e  d i r e c t i o n  o f  t h e  a r r o w s .
I f  t h e y  a r e  em p lo y ed  i n  t h e  o p p o s i t e  d i r e c t i o n ,  g r e a t  c a r e  must  be 
t a k e n .
T he  WKB s o l u t i o n  c a n  b e  u s e d  i n  c o n j u n c t i o n  w i t h  t h e  r e q u i r e ­
ment o f  a  s i n g l e - v a l u e d  w a v e f u n c t i o n  i n  o r d e r  t o  q u a n t i z e  t h e  e n e r g y  
l e v e l s  f o r  a  o n e - d i m e n s i o n a l  p o t e n t i a l  w e l l .
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O ne-D im ens iona l  S i n g l e  Well  
F ig .  r i .6
Region 2 i s  t h e  c l a s s i c a l l y  a l l o w e d  r e g i o n ;  r e g i o n s  1 and 3 a r e  c l a s s i ­
c a l l y  f o r b i d d e n ,  a  and  b a r e  t h e  c l a s s i c a l  t u r n i n g  p o i n t s .
Boundary c o n d i t i o n s  r e q u i r e  t h a t  t h e  w a v e fu n c t io n  in  r e g i o n  1 
d e c r e a s e  e x p o n e n t i a l l y  a s  x -  o c  .
The c o n n e c t i o n  fo rm ula  (11 .23)  can  be used t o  co n n ec t  t h e  v a v e f u n c t i o n  
i n  t h i s  r e g i o n  t o  t h e  wave f u n c t i o n  i n  r e g i o n  2 . w i l l  t h e n  be ex­
p r e s s e d  i n  t e r n s  o f  an i n t e g r a l  t a k e n  w i th  r e f e r e n c e  t o  t h e  l e f t  t u r n i n g  
p o i n t .
( 1 1 . 2 8 }
Using t h e  f a c t  t h a t
( i t . 2 9 )
36
can b e  r e e x p r e a s e d  i n  te rm s  o f  an i n t e g r a l  t a k en  w i t h  r e f e r e n c e  t o  
t h e  r i g h t  hand t u r n i n g  p o i n t :
t o l (  U J x )  s i n  (  W 'X '  "  )
'  v/ kT^ J *  ^
^  <K (11.30)
s i n  C c°5 C  ^  )
J * m )  * *  i  *
How b o u n d a ry  c o n d i t i o n s  a l s o  r e q u i r e  t h a t  t j  be a  d e c r e a s i n g  exponen­
t i a l  : n
-  c j *
I f  t h e  c o n n e c t i o n  fo rm ula  i s  u s e d ,  an a l t e r n a t i v e  e x p re s s io n  for
i s  o b t a i n e d
' H i  ~  C o S  (  ~ ^ ( n . 3 ? )
Jk<*> x
S i n g l e  v a l u e d n e s s  o f  t h e  v a v e f u n c t i o n  r e q u i r e s  t h a t  t h e  two ex p re s s io n s  
f o r  be  t h e  same. T h is  w i l l  o ccu r  o n ly  i f  t h e  fo l l o w i n g  c o n d i t i o n
i s  s a t i s f i e d :
j k o o  < i j c  = ( w * y l . ' ) i r  ( I I - 3 3 )
T h i s  i s  t h e  s e m i c l a B s i e a l  q u a n t i z a t i o n  c o n d i t i o n ,  N o t ing  t h a t  th e  momen­
tum p a ddt,  and r e q u i r i n g  k ( o r  p )  t o  be p o s i t i v e  as x in  i n c r e a s i n g ,  and
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n e g a t i v e  a s  i  i s  d e c r e a s i n g ,  t h e  q u a n t i z a t i o n  c o n d i t i o n  can  be w r i t t e n  
a s
We now s e e  the  s p e c i a l  r o l e  o f  t h e  a c t i o n  v a r i a b l e ,  which  was m e n t io n e d  
e a r l i e r .  The p h a s e  i n t e g r a l  i s  t a k e n  o v e r  one c y c l e  o f  c l a s s i c a l  m ot ion ,  
be tween l i b r a t i o n  l i m i t s  ( t u r n i n g  p o i n t s )  aa r e q u i r e d  i n  t h e  d e f i n i ­
t i o n  ( 1 1 , 3 ) .
r e l a t e d  t o  the  p re sen ce  o f  t h e  1t/4- t e rm  i n  t h e  c o n n e c t i o n  f o r m u l a s .  This 
TT/4- phase  s h i f t  e n te r e d  in  t h e  a s y m p t o t i c  form f o r  t h e  A i ry  f u n c t i o n .
I t  i s  cus tomary  t o  i n t e r p r e t  t h i s  a s  t h e  p h a se  s h i f t  w h ich  a p p e a r s  a f t e r  
t h e  t r a j e c t o r y  h a s  passed  th ro u g h  t h e  c a u s t i c .
I t  i s  o f t e n  i n c o r r e c t l y  assumed t h a t  t h e  c o r r e c t  q u a n t i z a t i o n  
w i t h i n  t h e  s e r a i c l a s s i c a l  scheme i s  a lways  g iv e n  by
where m i s  t h e  number o f  t u r n i n g  p o i n t s  e n c o u n t e r e d  in  a c y c l e  o f  t h e  
motion (m = 2 h e r e ) .  The c o r r e c t  q u a n t i z a t i o n  i s  o b t a i n e d  from t h e  
quantum m echan ica l  boundary  c o n d i t i o n s .  The above e x p r e s s i o n  i s  o b t a i n e d  
i f  t h e  v a v e f u n c t i o n  i s  e x p o n e n t i a l l y  d e c r e a s i n g  on b o t h  s i d e s  o f  t h e  
a l low ed  r e g io n .  However, i f  t h e  v a v e f u n c t i o n  i s  n o t  p u r e l y  a  d e c r e a s i n g  
f u n c t i o n  i n  t h e  fo rb id d en  r e g i o n ,  a  m o d i f i e d  quantum c o n d i t i o n  i s  ob ­
t a i n e d ,  Appendix I I  t r e a t s  t h e  c a s e  o f  a  o n e ‘d i m e n s i o n a l  sym m etr ic
( I I . 3*0
The f a c t  t h a t  h a l f  i n t e g r a l  q u a n t  i  e a t  io n  i 3 o b t a i n e d  i s  d i r e c t l y
( n . 3 5 )
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double  v e i l  as an example.  The p o t e n t i a l  f o r  t h i s  c a s e  ia  shown in 
Fig.  I I . 7 ,
One-Dimensional Double Well
F ig .  I I . 7
Although r e g io n  3 i a  c l a s s i c a l l y  f o r b i d d e n ,  t h e  v a v e f u n c t i o n  
t h e r e  may c o n ta i n  b o t h  i n c r e a s i n g  and d e c r e a s i n g  e x p o n e n t i a l  t e r m s .  As 
ahovn in  Appendix I I ,  i f  t h e  WKE co n n ec t io n  f o r m u la s  a r e  a p p l i e d  ( t h e y  
must be a p p l i e d  i n  t h e  wrong d i r e c t i o n  a t  one p o i n t )  t h e  f o l l o w i n g  
t r a n s c e n d e n t a l  q u a n t i z a t i o n  c o n d i t i o n  r e s u l t s
P
t « (  5 fed* )  =  - a  «*f>( 5 * d * ) ( 1 1 . 3 6 )
l» — t
* r
d C
where t h e  + s ig n  l e a d s  to  a  symmetr ic  s t a t e , and t h e  -  s i g n  l e a d s  t o  an 
a n t i s y m m e t r i c  s t a t e .  N o t ice  t h a t  t h e  i n t e g r a l  i n s i d e  t h e  e x p o n e n t i a l  
i a  ove r  t h e  f o r b id d e n  r e g io n  3 . I f  i t  ia  assumed t h a t  t h e  b a r r i e r  
between t h e  two w e l l s  i s  w id e ,  t h e  q u a n t i s a t i o n  c o n d i t i o n  may b e  expanded 
t o  y i e l d
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U J *  * •  +  J * J * )  ( „  37 )
{  c
Comparison w i t h  e q u a t i o n  (1 1 .3 3 )  shows t h a t  t h e  d oub le  w e l l  problem r e ­
q u i r e s  a c o r r e c t i o n  t o  t h e  u s u a l  h a l f - i n t e g r a l  q u a n t i z a t i o n .  T h i s  c a l ­
c u l a t i o n  a l s o  shows t h a t  t h e  s p l i t t i n g  be tween t h e  two p r e v i o u s l y  
d e g e n e r a t e  s i n g l e - w e l l  s t a t e s  can b e  found w i t h o u t  g o ing  o u t s i d e  t h e  WKB 
fo rm al i sm .
2 . M u l t i d im e n s i o n a l  S e m i c l a s s i c a l  Q u a n t i s a t i o n
T h i s  t h e s i s  i s  p r i m a r i l y  c o n c e rn e d  w i t h  q u a n t i z i n g  m u l t i d i ­
m en s io n a l  n o n s e p a r a b l e  p ro b le m s .  As a  s t e p  tow ard  t h i s  en d ,  l e t  us 
c o n s i d e r  a sys tem  o f  two uncoup led  harmonic  o s c i l l a t o r s .  Let t h e  
H a m i l to n ia n  b e  g iven  by
H - r (P r % W ^ 1 )
r
I f  we p l o t  t h e  motion o f  t h i s  s y s te m  i n  x -y  s p a c e ,  t h e  t r a j e c t o r y  w i l l  
form a  L i s s a j o u s  f i g u r e  s i m i l a r  t o  t h a t  o f  F ig .  1 1 .3 a ,  However, i n  t h i s  
c a s e  t h e  m o t io n  w i l l  b e  c o n f i n e d  t o  a r e c t a n g u l a r  r e g i o n .  The f o u r  
c o r n e r s  o f  t h e  r e c t a n g l e  to u c h  an e l l i p s e  which r e p r e s e n t s  t h e  l i m i t  
o f  t h e  e n e r g e t i c a l l y  a l l o w e d  r e g i o n .  S in c e  two in d e p en d e n t  i s o l a t i n g  
i n t e g r a l s  e x i s t  ( f o r  exam ple ,  t h e  e n e r g y  o f  each o s c i l l a t o r ) ,  t h e  motion 
does  no t  f i l l  t h e  e n e r g e t i c a l l y  a c c e s s i b l e  r e g i o n .  The l i n e s  which
bo
bound th e  m o t io n  a r e  c a l l e d  c a u s t i c s .  The o r g a n i z e d  n a t u r e  o f  t h e  m an i­
f o l d  to  which t h e  t r a j e c t o r y  be longs  i s  e v i d e n t .  I n  t h i s  c a s e  , t h e  
m a n i fo ld  v i l l  have f o u r  s h e e t s  everywhere  , which a r e  J o i n e d  a l o n g  t h e  
c a u s t i c s .
For t h i s  s e p a r a b l e  p roblem, ve can t r e a t  t h e  two d e g r e e s  o f  
freedom s e p a r a t e l y .  Let us  w r i t e  t h e  Ham il ton ian  f o r  one d e g r e e  o f  
freedom as
i n . 3 9 )
The p o t e n t i a l ,  i s  a p a r a b o l a ,  and v e  a re  s o l v i n g  f o r  t h e  mot ion  o f  t h e  
p a r t i c l e  in a  w e l l .  S o l v i n g  th e  c l a s s i c a l  problem in  te rms  o f  a c t i o n -  
a n g le  v a r i a b l e s ,  ve  f i n d  t h a t  t h e  e n e rg y  i s  g iven  a s
P  - “  0 ~  —  1 ( I I . 1+0)
1 1 a ih
where
J i  - J x , ( I I . b l )
The i n t e g r a l  i s  tafcen o v e r  a p a th  between l i b r a t i o n  l i m i t s  ( t u r n i n g  
p o i n t s ) .  S in c e  t h e  m ot ion  i s  t h a t  o f  a p a r t i c l e  In  a s i n g l e  w e l l ,  h a l f ­
i n t e g r a l  q u a n t i z a t i o n  f o l l o w s ,  as  i n  e q u a t i o n  (11.3*+).
+ ' - O k ( I I .  *+2)
Ul
T h e re fo re
E  ' = (* V ^  + Y i )
( I I . >*3)
The t o t a l  energy  o f  a  quantum s t a t e  i s  t h e r e f o r e  g iv e n  by
E ^  =  C ^ V  ^  ^  ( * V + ^  ( i r . t i i
There a r e  s e v e r a l  p o i n t s  t o  n o t i c e  f o r  t h i s  c a s e .  F i r s t  o f  
a l l ,  two independent  phase  i n t e g r a l s  must be  q u a n t i z e d  f o r  t h i s  two 
degree  o f  freedom problem* S e c o n d ly ,  by p l o t t i n g  t h e  i n t e g r a t i o n  p a t h s  
o f  e q u a t i o n  ( I I ,  1+1) on th e  t r a j e c t o r y  diagram shown in  F ig .  1 1 ,9 ,
I n t e g r a t i o n  P a th s  i n  Con f i g u r a t i o n  Space
Fig* i i . e
we can see t h a t  th e  i n t e g r a t i o n s  f o r  t h e  i n d i v i d u a l  o n e - d i m e n s i o n a l  
problems c o r re spond  t o  c a l c u l a t i n g  p a t h  i n t e g r a l s  o v e r  two t o p o l o g i c a l l y  
Independent  pa ths  i n  t h e  tw o -d im en s io n a l  p rob lem .  ( I f  mapped on to  t h e
1*2
I n v a r i a n t  t o r u s  t h e  p a t h s  would be t o p o l o g i c a l l y  i n d e p e n d e n t .  By t h i s  
we mean t h a t  one p a t h  c a n n o t  be t o p o l o g i c a l l y  de fo rm ed  i n t o  t h e  o t h e r  
on th e  t o r o i d a l  s u r f a c e .  See F ig ,  1 1 ,9 ,  Th is  t o p o l o g i c a l  independence  
m a n i f e s t s  i t s e l f  i n  c o n f i g u r a t i o n  ap ace  i n  t h a t  t o p o l o g i c a l l y  i n d e p e n -  
dne t  p a th s  w i l l  touch  a d i f f e r e n t  p a i r  o f  c a u s t i c s . )  S in c e  t h i s  p roblem 
was s e p a r a b l e t we p a i d  no a t t e n t i o n  t o  t h e  y m o t io n  when we were c a l ­
c u l a t i n g  t h e  x phase I n t e g r a l , and v i c e  v e r s a ,  T h e r e f o r e ,  we see  t h a t  
t h e  i n t e g r a t i o n  p a t h s  do n o t  l i e  on t h e  a c t u a l  t r a j e c t o r y ,  b u t  a r e  
mere ly  a r b i t r a r y  p a th s  c o n n e c t i n g  o p p o s i t e  c a u s t i c s .  (As i n  t h e  c a se  
t r e a t e d  i n  Appendix I ,  t h e  i n t e g r a l  i s  p a t h  in d e p e n d e n t  b e c a u s e  t h e  
argument o f  t h e  I n t e g r a l  i s  an e x a c t  d i f f e r e n t i a l ;  i n  p a r t i c u l a r  b e c a u s e  
t h e  g e n e r a t i n g  f u n c t i o n  i s  s e p a r a b l e . )
The f i n a l  p o i n t  t o  n o t i c e  i s  t h a t  t h e  p a t h  i n t e g r a l s  each 
touched e x a c t l y  two c a u s t i c s  and were q u a n t i s e d  u s i n g  h a l f - I n t e g r a l  
q u a n t i s a t i o n .  As we w i l l  d i s c u s s ,  t h e  p r o p e r  q u a n t i s a t i o n  f o r  a g iv en  
i n t e g r a t i o n  p a th  depends  on how many c a u s t i c s  t h a t  p a t h  to u c h e d .
We would f i n a l l y  l i k e  t o  c o n s i d e r  s e m i c l a s s i c a l  q u a n t i z a t i o n  
methods f o r  n o n a e p a r a b l e  m u l t i d i m e n s i o n a l  c a s e s .  These  methods i n  e f ­
f e c t  o v e r lo o k  any i r r e g u l a r  o r b i t s  p r e s e n t ,  and seek  t o  q u a n t i z e  t h e  
q u a s i p e r i o d i c  mot ion .  A n o n s e p a r a b l e  sy s tem  w i t h  n d e g re e s  o f  freedom 
r e q u i r e s  n q u a n t i z a t i o n  c o n d i t i o n s ,  J u s t  a s  n s e p a r a b l e  n d e g r e e  o f  
freedom prob lem would .  S in c e  t h e  c l a s s i c a l  m o t ion  i s  t r e a t e d  a s  q u a s i ­
p e r i o d i c ,  we assume t h e  e x i s t e n c e  o f  n i n d e p e n d e n t  i s o l a t i n g  i n t e g r a l s ,  
which we w i l l  choose  t o  b e  t h e  a c t i o n  v a r i a b l e s .  Because  o f  t h e
1+3
F ig .  I I . 9. I n t e g r a t i o n  P a ths  i n  Phase Space.
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n o n s e p a r a b i l i t y ,  however,  we must modify o u r  d e f i n i t i o n  o f  t h e  a c t i o n  
v a r i a b l e .  R e c a l l  ou r  e a r l i e r  d e f i n i t i o n :
where t h e  i n t e g r a l  i s  taken  o v e r  one c y c le  o f  q^ .  There  a r e  two p ro b ­
lems h e r e .  F i r s t  o f  a l l ,  t h e  motion which we Wil l  c o n s i d e r  does  not 
l e a d  t o  s t r a i g h t  l i n e  c a u s t i c s  e n c lo s in g  r e c t a n g u l a r  r e g i o n s .  The 
c a u s t i c s  may he d i s t o r t e d ,  so much so i n  f a c t ,  t h a t  a  s t r a i g h t  l i n e  
may no t  pass  through o p p o s i t e  c a u s t i c s  w i th o u t  hav ing  t o  l e a v e  t h e  a l ­
lowed m a n i fo ld .  Q u a n t i z a t i o n  w i l l  s t i l l  r e q u i r e  phase  i n t e g r a l s  t o  be 
e v a l u a t e d  a lo n g  n t o p o l o g i c a l l y  independent  p a t h s ,  bu t  i t  m igh t  no t  be  
p o s s i b l e  t o  choose s t r a i g h t  l i n e  p a t h s .
i n  ( I T .3 )  i s  no lo n g e r  pa th  in d ependen t .  Th is  i s  b e ca u se  t h e  g e n e r a t i n g  
f u n c t i o n  W i s  no t  s e p a ra b le  (by a s s u m p t io n ) . The r e s o l u t i o n  o f  t h i s  
problem i s  found by n o t in g  t h a t
ia  an e x a c t  d i f f e r e n t i a l  and w i l l  t h e r e f o r e  l e a d  t o  a  p a th  in d e p e n d e n t  
i n t e g r a l .  T h e re fo re  l e t  us d e f i n e  t h e  a c t i o n  v a r i a b l e  a s
( I I . 3)
Secondly ,  and more im p o r t a n t l y ,  t h e  a c t i o n  v a r i a b l e  d e f i n e d
( 1 1 . 1*6 )
1*5
where  n in d e p en d e n t  a c t i o n  v a r i a b l e s  a r e  d e f i n e d  by  i n t e g r a l s  t a k e n  o v e r
1n t o p o l o g i c a l l y  in d e p en d e n t  p a t h s ,  T (As b e f o r e  t h i s  w i l l  e n s u r e  t h a t  
we a r e  i n t e g r a t i n g  a round  t h e  i n v a r i a n t  t o r u s  in  n in d e p en d e n t  w ays ,}  
Th is  d e f i n i t i o n  red u ces  t o  t h e  p r e v i o u s  one  in  t h e  s e p a r a b l e  c a s e  p r o ­
v id e d  t h a t  t h e  i n t e g r a t i o n  p a th s  a r e  chosen  such t h a t  q^ p a s s e s  t h ro u g h  
one c y c l e ,  w h i l e  t h e  o t h e r  c o o r d i n a t e s  a r e  e i t h e r  h e l d  c o n s t a n t ,  o r  a t  
l e a s t  p r e v e n t e d  from p a s s i n g  th ro u g h  a  f u l l  c y c l e .
The o n ly  p o i n t  which rem ains  t o  b e  s e t t l e d  f o r  t h e  non-  
s e p a r a b l e  c a s e  i s  t h e  q u a n t i z a t i o n  o f  t h e  a c t i o n .  Should  t h e  q u a n t i z a ­
t i o n  b e  h a l f - i n t e g r a l , i n t e g r a l ,  o r  p o s s i b l e  s o m eth in g  e l s e ?  The answer 
i s  t h a t  i t  depends on t h e  p a t h s  c chosen  f o r  t h e  phase  i n t e g r a l s .
R e c a l l  t h a t  f o r  t h e  s e p a r a b l e  c a s e  t h e  q u a n t i z a t i o n  was h a l f  
i n t e g r a l  i f  t h e  phase  i n t e g r a l  was done o v e r  one c y c l e  between l i b r a t i o n  
l i m i t s
I f  f o r  ex am p le ,  t h e  p a t h  were chosen  t o  c o v e r  two c y c l e s  i n s t e a d  o f  one ,  
th e  r e s u l t  from th e  p hase  i n t e g r a l  would b e  d o u b led
T  L -  H
^  , ( l l . l tT)
—
where m = 2n + 1 e q u a l s  an odd i n t e g e r .  I f  t h e  p a t h  chosen  were such 
t h a t  b o t h  t h e  x mot ion  and  t h e  y m ot ion  p a s s e d  t h r o u g h  a f u l l  c y c l e ,
h6
t h e  r e s u l t a n t  phase  i n t e g r a l  would he th e  sum o f  t h e  phase  i n t e g r a l s  f o r  
s e p a r a t e  x and y  c y c l e s
t  =  v, f  c « y -* x ; )  hSv »  1 1
( l I . b G )
=  - m '  V\
where  m1 = n + n + 1  e q u a l s  an i n t e g e r .  U n t i l  now, ve have c o n s i d e r e d  on-  x y
l y  e i n p l e  p a t h s  i n  o r d e r  to  q u a n t i z e .  However,  i t  i s  c l e a r  t h a t  more 
c o m p l i c a t e d  p a t h s ,  chosen  as combinations  o f  s im ple  p a t h s ,  can  he
q u a n t i z e d  a s  l o n g  as  n t o p o l o g i c a l l y  independen t  p a t h s  a r e  chosen .
21K e l l e r  ha s  w r i t t e n  down q u a n t i z a t i o n  c o n d i t i o n s  f o r  non- 
s e p a r a b l e  p ro b le m s .  The key t o  o b t a in in g  t h e  c o r r e c t  q u a n t i z a t i o n  i s  t o  
co u n t  how many t im e s  t h e  i n t e g r a t i o n  path  came in  c o n t a c t  w i th  a c a u s t i c .  
K e l l e r ' s  quantum c o n d i t i o n  i s :
7 *  =  l " + t  m . w
where m i s  t h e  t o t a l  number o f  t imes  t h e  I n t e g r a t i o n  p a th  t o u c h e s  a 
c a u s t i c .  ( K e l l e r ' s  q u a n t i z a t i o n  c o n d i t io n  i s  a c t u a l l y  more g e n e r a l  t h a n  
t h i s .  I t  a l s o  a l l o w s  f o r  th e  p o s s i b i l i t y  o f  t h e  i n t e g r a t i o n  pa th  p a s ­
s i n g  t h r o u g h  a  f o c u s ,  o r  t h ro u g h  th e  i n t e r s e c t i o n  o f  two o r  more c a u s ­
t i c s .  }
K e l l e r ' s  r e s u l t  i s  o b ta in e d  by r e q u i r i n g  t h e  w a v e - f u n c t i o n  t o  
be  s i n g l e  v a l u e d ,  and by i n c l u d i n g  a 1ty i ,  phase  d e l a y  e ach  t im e  t h e
i n t e g r a t i o n  p a t h  t o u c h e s  a  c a u s t i c .  Appendix T i l  c o n t a i n s  a  d i s c u s s i o n  
o f  t h e  method o f  c o n s t r u c t i n g  a  s e n t i c l a s s i c a l  wave f u n c t i o n  For a  non- 
a e p a r a b l e  s y s te m .  The s o u r c e  o f  t h e  T r / i  phase  d e l a y  a t  a  c a u s t i c  i s  
shown.
( J u s t  as  we found f o r  t h e  o n e - d i m e n s i o n a l  case  t h a t  h a l f -  
i n t e g r a l  q u a n t i z a t i o n  was c o r r e c t  o n l y  f o r  s i n g l e  w e l l  p r o b le m s ,  K e l l e r ' s  
q u a n t i z a t i o n  i s  c o r r e c t  o n l y  f o r  m u l t i d i m e n s i o n a l  g e n e r a l i z a t i o n s  o f  
th e  s i n g l e  w e l l  p ro b lem .  I f  t h e  c l a s s i c a l  s y s t e m  sh o u ld  p o s s e s s  dynami­
c a l  o r  o t h e r  b a r r i e r s  which  r e s u l t  I n  two o r  more w e l l s ,  t h e n  t h e  c o r r e c t  
p r o c e d u r e  w i t h i n  t h e  WKB fo r m a l i sm  r e q u i r e s  t h a t  p h a s e  i n t e g r a l s  o v e r  
th e  c l a s s i c a l l y  f o r b i d d e n  r e g i o n  be c a l c u l a t e d ,  aa  i n  Appendix I I .  As 
y e t ,  no one  h a s  t r i e d  t o  i n c l u d e  such  e f f e c t s  i n  c a s e s  t r e a t e d . )
By q u a n t i z i n g  t h e  a c t i o n  v a r i a b l e s  d e f i n e d  i n  e q u a t i o n  ( 1 1 . ^ 6 ) ,  
u s in g  K e l l e r ' s  q u a n t i z a t i o n  c o n d i t i o n ,  m u l t i d i m e n s i o n a l  n o n s e p a r a b l e  s y s ­
tems may I n  p r i n c i p l e  b e  q u a n t i z e d .  Tn t h e  n e x t  s e c t i o n  we r e v i e w  t h e  
methods w h ich  have  b e e n  u s e d  t o  d a t e  i n  o r d e r  t o  c a r r y  o u t  t h e  q u a n t i ­
z a t i o n .
3* C a l c u l a t l o n a l  M e t h o d s
Most m ethods  f o r  s e m i c l a s s i c a l  q u a n t i s a t i o n  o f  n a n - s e p a r a b l e  
m u l t i d i m e n s i o n a l  sy s te m s  h a v e  u sed  one  o f  two main a p p r o a c h e s .  The 
f i r s t  a p p r o a c h  i s  t o  q u a n t i z e  p h a se  i n t e g r a l s  c a l c u l a t e d  i n  t h e  o r i g i n a l  
c o o r d i n a t e s .  The second  a p p r o a c h  i s  t o  seek a  c a n o n i c a l  t r a n s f o r m a t i o n  
from t h e  a c t i o n - a n g l e  v a r i a b l e s  o f  an u n p e r t u r b e d  s e p a r a b l e  c a s e  t o  t h e
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p r o p e r  a e t i o n - a n g l e  v a r i a b l e s  o f  t h e  p e r t u r b e d  c a s e .  Methods which  use  
e i t h e r  o f  t h e s e  a p p r o a c h e s  a r e  o f  n e c e s s i t y  l i m i t e d  t o  t r e a t i n g  q u a s i '  
p e r i o d i c  m o t io n ,  s i n c e  o n l y  t h e n  does  t h e  i n v a r i a n t  t o r u a  e x i s t  on which 
phase  i n t e g r a l s  can be d e f i n e d  and  a c t i o n  v a r i a b l e s  c a l c u l a t e d .
a. Num er ica l  T r a j e c t o r y  C a l c u l a t i o n s
S e v e r a l  p a p e r s  on S e m i c l a s s i c a l  q u a n t i z a t i o n  have been pub­
l i s h e d  by Marcus and  c o - w o r k e r s .  The f i r s t  which I  w i l l  d i s c u s s  was
1 A.w r i t t e n  by E a s t e 3 and M arcus .  The H a m i l to n ia n  which t h e y  c o n s i d e r e d  
i s  g i v e n  by
and t h e  p r o c e d u r e  which t h e y  u sed  i s  a s  f o l l o w s .  P a ra m e te r s  U? , u? ,x y
X  , f o r  t h e  H a m i l to n i a n  were  c h o se n .  Th is  s p e c i f i e d  t h e  e x a c t  sy s tem  
to  b e  q u a n t i z e d .  The c l a s s i c a l  t r a j e c t o r y  was th e n  g e n e r a t e d  n u m e r i c a l l y  
by i n t e g r a t i n g  H a m i l t o n ' s  e q u a t i o n s  o f  mot ion  u s i n g  a p r e d i e t o r -  
c o r r e c t o r  method. A f t e r  a  s u f f i c i e n t  number o f  s t e p s ,  t h e  t r a j e c t o r y  
when p l o t t e d  formed a s l i g h t l y  d i s t o r t e d  L i a s a j o u a  f i g u r e ,  s i m i l a r  t o  
t h a t  shown in  F i g .  I I . £ a .
The p h a se  i n t e g r a l s  were  t h e n  c a l c u l a t e d  n u m e r i c a l l y  from th e  
t r a j e c t o r y  i n f o r m a t i o n .  The two t o p o l o g i c a l l y  in d e p en d e n t  p a t h s  a long  
which t h e  p hase  i n t e g r a l s  w e re  e v a l u a t e d  were chosen  f o r  c o n v en ie n c e  t o  
be aJLong c a u s t i c s .  The p a t h  I n t e g r a l s  were c a l c u l a t e d  u s i n g  a s  t h e  v a lu e
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f o r  t h e  momentum in  t h e  i n t e g r a l  t h e  v a lu e  p r o v id e d  from the  t r a j e c t o r y  
"by t h e  t a n g e n t i a l  component o f  t h e  momentum a t  t h a t  p o i n t .  An i n t e r p o l a ­
t i o n  scheme was u sed  t o  s e a r c h  f o r  i n i t i a l  c o n d i t i o n s  which led  t o  
c o r r e c t l y  q u a n t i s e d  pha3 e i n t e g r a l s .  Convergence was r a p i d ;  a t o t a l  o f  
f o u r  t o  f i v e  t r a j e c t o r i e s  h a d  t o  be g e n e r a t e d  and q u a n t i s e d  f o r  each 
e n e r s ^  l e v e l  in  o r d e r  t o  p r o v i d e  f i v e  s i g n i f i c a n t  d i g i t s  accuracy in  
t h e  e n e r g y .  The a g re e m e n t  w i t h  quantum m e c h a n ic a l  methods was e x c e l l e n t .
S i n c e  t h e  method i n v o l v e d  i n t e g r a t i n g  a lo n g  a c a u s t i c ,  i t  waa 
p o s s i b l e  t o  t r e a t  o n l y  s y s t e m s  w h ich  p ro d u ced  f a i r l y  s imple  c a u s t i c s .
For  t h i s  r e a s o n ,  H a m i l t o n i a n s  w i t h  f r e q u e n c i e s  r e l a t e d  by th e  r a t i o  o f  
s m a l l  i n t e g e r s  c o u l d  n o t  be  t r e a t e d  ( s u c h  sys tem s  can l e a d  to ve ry  com­
p l i c a t e d  c a u s t i c s ) .  F u r t h e r m o r e ,  a s  t h e  e f f e c t  o f  t h e  p e r t u r b a t i o n  
i n c r e a s e d  f o r  h i g h e r  e n e r g i e s ,  t h e  shape  o f  t h e  r e g io n  bounded by c a u s ­
t i c s  c h a n g e d  from a s l i g h t l y  d i s t o r t e d  box t o  a  g r e a t l y  d i s t o r t e d  box 
u l t i m a t e l y  bounded  by f o l d e d  c a u s t i c s ,  making i t  i n c o n v en ien t  to  ap p ly  
t h e  m ethod .
A m o d i f i e d  v e r s i o n  o f  t h i s  t h e o r y ,  which overcame some o f  t h e  
d i f f i c u l t i e s  a s s o c i a t e d  w i t h  i n t e g r a t i n g  a lo n g  c a u s t i c s ,  was p r e s e n t e d  
i n  a p a p e r  b y  Hold and M a r c u s . I n  t h i s  m ethod ,  t h e  t r a j e c t o r y  was 
g e n e r a t e d  n u m e r i c a l l y  a s  b e f o r e ,  b u t  t h e  i n t e g r a t i o n  p a th s  Tor t h e  phase  
i n t e g r a l s  w e re  n o t  c h o se n  t o  be  a l o n g  t h e  c a u s t i c s ,  bu t  along th e  l i n e s  
x  = 0 ,  and  y  = 0 .  In  p r a c t i c e ,  t h e i r  method was t o  q u a n t i z e  a c t i o n  
v a r i a b l e s  c a l c u l a t e d  by i n t e g r a t i n g  a ro u n d  two t o p o l o g i c a l l y  independen t  
i n v a r i a n t  c u r v e s  o f  s e p a r a t e  F o i n c a r ^  s u r f a c e s  o f  s e c t i o n .
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The p h a se  i n t e g r a l s  were  q u a n t i s e d  u s i n g  the  same i t e r a t i v e  
scheme as t h e  p r e v i o u s  method u s e d .  A g a in ,  a  t o t a l  o f  f o u r  t o  f i v e  
t r a j e c t o r i e s  h a d  t o  be g e n e r a t e d  a n d  q u a n t i s e d  f o r  each l e v e l  i n  o rd e r  
to  p ro v id e  f i v e  s i g n i f i c a n t  d i g i t  a c c u r a c y  In t h e  energy .
The method o f  Noid and Marcus  i s  a b l e  t o  t r e a t  more c a s e s  th a n  
t h a t  o f  E a a t e s  and Marcus;  however t h e  r e s t r i c t i o n  t o  i n t e g r a t i n g  a lo n g  
th e  s t r a i g h t  l i n e s  x ■= 0 and y  -  0 a t i l l  p r e v e n t s  t h e  method from 
t r e a t i n g  some c a s e s .  As m en t ioned  e a r l i e r ,  i f  t h e  f r e q u e n c i e s  i n  th e  
u n p e r tu rb e d  p a r t  o f  t h e  H a m i l to n ia n  ( I l . f i O )  a r e  r e l a t e d  by t h e  r a t i o  o f  
sm al l  I n t e g e r s  {low o r d e r  c o m m e n s u r a b i l i t y  o f  t h e  u n p e r t u r b e d  f r e q u e n c i e s )  
t h e  r e s u l t a n t  c a u s t i c s  may be v e r y  c o m p l i c a t e d .  For e x am p le ,  i f  tt) & 1 ^
t r a j e c t o r i e s  l i k e  t h o s e  f i g u r e s  I T . 10 and T T . l l  can r e s u l t .
In  o r d e r  t o  t r e a t  such  c a s e s ,  Noid an d  Marcus e l i m i n a t e d  t h e
r e s t r i c t i o n  o f  g e n e r a t i n g  th e  P o i n c a r e  s u r f a c e  o f  s e c t i o n  f rom  i n t e r -
lcs e c t i o n s  o f  t h e  t r a j e c t o r y  w i t h  a s t r a i g h t  l i n e  i n t e g r a t i o n  p a t h .
I n s t e a d  t h e  t o p o l o g i c a l l y  in d e p e n d e n t  i n t e g r a t i o n  pa ths  w ere  a l low ed  t o  
be c u r v e d ,  g i v i n g  a c u r v i l i n e a r  P o i n c a r ^  s u r f a c e  o f  s e c t i o n .
The d e t a i l e d  c o n s i d e r a t i o n s  f o r  t h e  commensurable  c a s e  a r e  
as  f o l l o w s .  The H a m i l to n i a n  c h o se n  I s  g iv en  by
where ^  enharmonic  c o u p l i n g  c o n s t a n t .  T h i s  i s  t h e  H am il ton ian
which H&ion an d  H e i l e s  u s e d ,  a s i d e  from t h e  p a r a m e t e r  ^  * Expressed
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Fig. 11.10.  Libration Trajectory
F i g .  1 1 . 1 1 . R o t a t i o n  T r a j e c t o r y
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i n  p o l a r  c o o r d i n a t e s  ( w i t h  x  -  r c o s  0  ,  y * r a i n  £) ) , t h e  H a m i l to n i a n  
becomes
H  ~  X  (  f y  +  f  - i  \  - L  ^  i r ^ c o j  3 6  d i . 5 2 )
^r*- /  3
Examples  o f  t r a j e c t o r i e s  g e n e r a t e d  by i n t e g r a t i n g  H a m i l t o n ' s  e q u a t i o n s  
u s i n g  t h i s  H a m i l t o n i a n  a r e  t h o s e  shown in  F i g .  1 1 .1 0  and 1 1 . 1 1 .  F igu re  
I t .  10 ha s  a  low a n g u l a r  momentum, and F i g .  1 1 . 1 1 ,  a  h ig h  a n g u l a r  momentum. 
As c a n  be  s e e n ,  two c l a s s e s  o f  t r a j e c t o r i e s  h a v e  emerged. Hold  and 
Marcus  r e f e r r e d  t o  t h e  m o t i o n  i n  F i g ,  1 1 ,1 0  a s  a l i b r a t i o n ,  and  t h a t  
o f  F i g .  1 1 .1 1  a  r o t a t i o n .
I f  t h e  i n t e r n a l  a n g u l a r  momentum i s  n o n z e r o ,  t h e  t r a j e c t o r y  
f o r  t h e  u n p e r t u r b e d  H a m i l t o n i a n  i 3 an  e l l i p s e .  A m a n i f o ld  i s  c r e a t e d  
by  r o t a t i n g  t h e  e l l i p s e  a r o u n d  t h e  o r i g i n .  T h i s  c o r r e s p o n d s  t o  s e l e c t ­
i n g  t h e  same e n e r g y  and a n g u l a r  momentum, b u t  s e l e c t i n g  a d i f f e r e n t  
s t a r t i n g  d i r e c t i o n  f o r  t h e  o r b i t .  The i n n e r  and o u t e r  c o n c e n t r i c  
c i r c l e s  w h ic h  bound t h e  m a n i f o l d  a r e  c a u s t i c s .  The phase  i n t e g r a l s  
a r e  c a l c u l a t e d  by  i n t e g r a t i n g  o v e r  t h e  m a n i f o l d  a l o n g  two t o p o l o g i c a l l y  
i n d e p e n d e n t  p a t h s  and q u a n t i z i n g  u s i n g  K e l l e r ' s  quantum c o n d i t i o n .  Two 
p o s s i b l e  p a t h s  a r e  3hown i n  F i g .  1 1 . 1 2 .  P a th  A, a  c i r c l e  c o n c e n t r i c  w i th  
t h e  c e n t e r ,  t o u c h e s  no c a u s t i c s ,  30 t h e  c o r r e c t  q u a n t i z a t i o n  f o r  t h e  
p h a s e  i n t e g r a l  i s
»  fj) ( 1 1 .1 3 )
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Pig* 1 1 - 1 2 .  T r a j e c t o r i e s  f o r  th e  U n p e r tu r b e d  S y s tem .
5U
where A i s  an i n t e g e r .  Pa th  B tou ch es  two c a u s t i c s ,  so  t h e  c o r r e c t  
q u a n t i z & t i o n  i s
^  j - r  ( r v + y *  ) ( I I .5^  )
where n i s  an i n t e g e r .  An a l t e r n a t i v e  i n t e g r a t i o n  p a th  would be a lo n g  r
one  o f  t h e  e l l i p s e  t r a j e c t o r i e s .  Such a  p a th  would t o u c h  t h e  o u t e r  and  
I n n e r  c a u s t i c s  e a c h  tw ice .  T h e r e f o r e  t h e  c o r r e c t  q u a n t i z a t i o n  would be
"traj
where n i s  an i n t e g e r .  Th is  i n t e g r a t i o n  p a th  can  be w r i t t e n  i n  te r ras  o f  
t h e  p r e v i o u s  two a s  t h e  sum o f  two r - c y e l e  p hase  i n t e g r a l s  and  a & - c y c l e  
p hase  i n t e g r a l .
^ P * < U + P r J y  =
t r t j
T h e r e f o r e
y i  =  a v \ r +-
r e l a t e s  t h e  quantum numbers.  Of c o u r s e ,  t h e r e  a r e  o n ly  two in d e p e n d e n t  
quantum numbers.
Using i n t e g r a t i o n  p a t h s  s i m i l a r  t o  P a t h  A and P a th  B o f  
F ig .  1 1 .1 2 ,  Hold and Marcus q u a n t i z e d  t h e  Poincart?  s u r f a c e s  o f  s e c t i o n  
f o r  p e r t u r b e d  r o t a t i o n  c a s e s .  The n u m e r ic a l  p r o c e d u r e  was t h e  same a s  
d i s c u s s e d  f o r  t h e i r  p r e v i o u s  p a p e r  -  namely g e n e r a t e  a  t r a j e c t o r y ,  u s e
c r o s s i n g s  t o  g e n e r a t e  t v o  in d e p e n d e n t  P o i n c a r ^  s u r f a c e s  o f  s e c t i o n ,  and 
i t e r a t e  t o  q u a n t i z e .
The l i b r a t i o n  c a s e s  were  a b i t  more c o m p l i c a t e d  t o  t r e a t .  I 
w i l l  rev iew  t h e  p r o c e d u r e  which  Hoid and Marcus U3ed i n  d e t a i l  s i n c e  we 
w i l l  l a t e r  make co m p ar i so n s  t o  t h i a  c a s e .
As m en t ioned  e a r l i e r ,  t h e  l i b r a t i o n  c a s e s  o c c u r e d  f o r  low i n ­
t e r n a l  a n g u l a r  momentum, Ab i n s p e c t i o n  o f  t h e  H a m i l to n ia n  11 .52  shows, 
t h e  enharmonic  p a r t  o f  t h e  p o t e n t i a l  c a u s e s  t h r e e  t r o u g h s  t o  e x i s t  i n  
t h e  p o t e n t i a l .  I f  t h e  o r b i t a l  e n e rg y  i s  low enough ,  t h e  t r a j e c t o r y  
w i l l  b e  t r a p p e d  on one o f  t h e s e  t r o u g h s .  Th is  b e h a v i o r  i s  v e r y  s i m i l a r  
t o  t h a t  o f  t h e  o n e - d i m e n s i o n a l  d o u b le  w e l l  t r e a t e d  i n  Appendix IT. The 
c o r r e c t  q u a n t i s a t i o n  p r o c e d u r e  w i t h i n  t h e  WKB f o r m a l i sm  would be a  two 
d im e n s io n a l  g e n e r a l i z a t i o n  i n  which  phase  i n t e g r a l s  were  c a l c u l a t e d  
o v e r  t h e  c l a s s i c a l  fo r b id d e n  r e g i o n .  In  p a r t i c u l a r ,  s im p le  h a l f - i n t e g r a l  
q u a n t i z a t i o n  o f  t h e  t r a j e c t o r y  t r a p p e d  in  one t r o u g h  would no t  be c o r r e c t .
Noid an d  Marcus chose  t o  i g n o r e  e f f e c t s  from t u n n e l i n g  between 
t h e  t r o u g h s ,  and t o  s im ply  e v a l u a t e  a  phase  i n t e g r a l  a l o n g  an A - type  
p a t h  ( F i g ,  1 1 , 1 2 ) ,  i n c l u d i n g  c o n t r i b u t i o n s  o n l y  from t h e  c l a s s i c a l l y  
a l l o w e d  r e g i o n s .  In  e f f e c t  t h i s  assumea t h a t  t u n n e l i n g  1b s o  s t r o n g  
t h a t  no phase  s h i f t  o c c u r s  i n  p a s s a g e  t h r o u g h  t h e  f o r b i d d e n  r e g i o n .
The c o n t r i b u t i o n s  from t h e  t h r e e  t r o u g h s  a r e  i d e n t i c a l ,  so on ly  
one  was c a l c u l a t e d .  The p hase  i n t e g r a l  a lo n g  p a t h  A o v e r  one t r o u g h  i s  
t o p o l o g i c a l l y  e q u i v a l e n t  t o  a  p h a s e  i n t e g r a l  o v e r  a  p a t h  x = 0 f o r  t h a t  
t r o u g h .  T h e r e f o r e  th e  q u a n t i z a t i o n  fo rm u la  i s ;
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j P e d ©  -
Observe  t h a t  f o r  9  = 0 ,  we have $ ( y t e - 0  This  i a  a c t u a l l y  th e  
c o n d i t i o n  l e a e t  l i k e l y  t o  l e a d  t o  s t ro n g  t u n n e l i n g  b e c a u s e  such  motion 
must be  con f ined  t o  t h e  n a r r o w e s t  p o s s i b l e  r e g i o n  In t h e  t r o u g h  ( b o  
t h a t  t h e  phase I n t e g r a l  w i l l  go t o  z e r o ) .  However,  t h e y  say  t h a t  th e  
energy  I s  very  I n s e n s i t i v e  t o  1 h o p e fu l ly  t h i s  makes t h e  n e g l e c t  o f  
c o r r e c t  t u n n e l i n g  e f f e c t s  l e s s  c r i t i c a l .
The o t h e r  t o p l o g i c a l l y  independent phase  i n t e g r a l  w&B c a l c u ­
l a t e s  by i n t e g r a t i n g  a lo n g  one  c y c l e  of t h e  t r a j e c t o r y  (an "open"  e l l i p s e ) ,  
and J o i n i n g  th e  e n d s  a lo n g  a y = 0 I n v a r i a n t  c u rv e .
The r e s u l t s  found by Noid and Marcus w i t h  %  = J . 0125~ f o r  b o th  
l i b r a t i o n s  and r o t a t i o n s  a r e  shown in Table  IV, 2 ( a lo n g  w i t h  r e s u l t s  from 
our  m e thod ,  t o  be  d i s c u s s e d  i n  C hap te r  IV),
The p e r c e n t a g e  o f  d i s ag ree m e n t  ( f o r  r o t a t i o n s *  a s  w e l l  as 
l i b r a t i o n s )  with  t h e  quantum m echan ica l  c a l c u l a t i o n s  i s  much l a r g e r  f o r  
t h i s  commensurable c a s e  t h a n  f o r  t h e  incommensurable c a s e s  t r e a t e d  in 
t h e i r  e a r l i e r  p a p e r s .  T h i s  s h o u ld  no t  be tak en  as  an i n d i c a t i o n  o f  un­
s u i t a b i l i t y  of  q u a n t i z i n g  c u r v i l i n e a r  Po in ca r^  s u r f a c e s  o f  s e c t i o n ,  b u t  
m ere ly  a s  an I n d i c a t i o n  t h a t  t h e  s e m i c l a s e i c a l  a p p ro x im a t io n  i s  l e a s  
a c c u r a t e  f o r  t h i s  c a s e .
In summary* t h e  method o f  E a s t e s , Noid and Marcus i s  t o  
q u a n t i z e  t o p o l o g i c a l l y  in d e p e n d e n t  phase i n t e g r a l s  u s in g  n u m e r i c a l
L a m * ( 1 1 . 5 6 )
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methods.  The p r a c t i c a l  a p p l i c a t i o n  o f  t h e  method may b e  c o m p l ic a te d  by 
t h e  d i f f i c u l t y  o f  c h o o s in g  an i n t e g r a t i o n  p a th  v h ic h  a v o id s  f o l d s  in  t h e  
c a u s t i c s .  The f a c t  t h a t  t h e  i n t e g r a t i o n  p a t h  i s  p l o t t e d  i s  an a d v an ta g e  
s i n c e  t h e  proper q u a n t i z a t i o n  can be d e te r m in e d  by c o u n t i n g  how many 
t im es  t h e  i n t e g r a t i o n  p a th  touches  a  c a u s t i c .  ( L a t e r  r e l a t e d  work by 
Marcus,  e t  a l ,  a p p ea rs  i n  l d , e . )
b . Methods f o r  T r a n s f o r m a t io n  t o  A n g le -A c t io n  V a r i a b l e s
The next methods t o  be d i s c u s s e d  ta k e  a  v e r y  d i f f e r e n t  a p ­
proach  t o  q u a n t i s a t i o n .  I n s t e a d  o f  n u m e r i c a l l y  e v a l u a t i n g  phase  i n t e ­
g r a l s ,  t h e s e  methods seek  t o  t r a n s f o r m  d i r e c t l y  t o  t h e  p ro p e r  a n g l e -  
a e t i o n  v a r i a b l e s  f o r  t h e  p e r tu rb e d  sys tem .
Two methods w i l l  be d i s c u s s e d  i n  t h i s  s e c t i o n .  The f i r s t  I s  
2?a method by Bom The second i s  a  method by Chapman, G a r r e t t  and 
M i l l e r ,  which 1b c l o s e l y  r e l a t e d  t o  B o r n ' s  method.
The e s s e n t i a l  p rocedure  c o n s i s t s  o f  t h r e e  main s t e p s ,  The 
f i r s t  i s  t o  choose a s e p a r a b l e  H am i l to n ian  v h ic h  can b e  c o n s i d e r e d  an 
u n p e r tu rb e d  l i m i t  o f  t h e  complete  H a m i l to n ia n .  The second  S tep  i a  t o  
so lv e  t h e  Haul I t  o n - J a c o b i  equa t ion  f o r  t h e  u n p e r tu r b e d  Ham il ton ian  in  
o r d e r  t o  ob ta in  a n g l e - a c t i o n  v a r i a b l e s  f o r  th e  u n p e r t u r b e d  problem.
The t h i r d  s tep  i s  t o  seek a  c an o n ic a l  t r a n s f o r m a t i o n  from a n g l e - a c t i o n  
v a r i a b l e s  o f  the  u n p e r tu rb e d  problem t o  t h e  p r o p e r  a n g l e - a c t i o n  v a r i a b l e s  
f o r  t h e  complete H am i l ton ian .  I t  I s  i n  t h e  means o f  c a r r y i n g  o u t  t h e  
t h i r d  s t e p  t h a t  t h e  two methods d i f f e r ,  I  w i l l  o u t l i n e  b o th  methods 
h e r e .
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B o rn ' s  p r o c e d u r e  b e g i n s  by ex p an d in g  t h e  H a m i l to n ia n  i n  a 
power s e r i e s  i n  a  sm a l l  p a r a m e t e r  *X :
H  -  H -  X H , *  ■ ( I I . 57)
A n g l e - a c t i o n  v a r i a b l e s  ( v ° t J ° )  a r e  o b t a i n e d  f o r  t h e  u n p e r t u r b e d  
H am i l to n ian  H^ *
The g e n e r a t i n g  f u n c t i o n  S f o r  t r a n s f o r m a t i o n  t o  new a n g l e -  
a c t i o n  v a r i a b l e s  (w ,J )  i s  expanded in  \  :
S  = S  r A  S . + T ^ S  *
F i n a l l y  t h e  new H a m i l to n ia n  K(J) i s  expanded in  "X. :
( I T . 58)
{11*59)
These power s e r i e s  a r e  now s u b s t i t u t e d  i n t o  t h e  H a m i l to n - J a c o b i  e q u a t i o n
H C ^ J * ’ )  = K f J - )
and th e  r e s u l t  i s  s e p a r a t e d  by powers  o f  X  i n t o  an i n f i n i t e  s e t  o f  
e q u a t io n s  which a r e  e q u i v a l e n t  t o  t h e  o r i g i n a l  H-J  e q u a t i o n  ( I I . 6 0 ) .
The f i r s t  e q u a t i o n  i s  s im p ly  t h e  a e r o —o r d e r  a p p r o x im a t io n
( 4 / T )  -  K „ ( t )
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A l l  h i g h e r  o r d e r s  n a r e  o f  t h e  form
r -  Wo d S ,
S  *  K  < T > -  $^  i J k 8 vfk X,n ( 1 1 . 6 2 )
The s e t  o f  e q u a t i o n s  I s  s o l v e d  s u c c e s s i v e l y .  The procedure
where i s  a f u n c t i o n  o f  and J
In v o l v e s  expanding t h e  H am il ton ian  te rm s  H in  a  F o u r i e r  s e r i e s  withti
known c o e f f i c i e n t s ,  and expand ing  t h e  g e n e r a t i n g  f u n c t i o n  3 in  an
F o u r i e r  s e r i e s  with c o e f f i c i e n t s  t o  be d e t e r m in e d .  The F o u r ie r  ex­
p a n s i o n s  a r e  s u b s t i t u t e d  i n t o  t h e  e q u a t i o n  t o  h e  s o l v e d ,  and th e  unknown 
F o u r i e r  c o e f f i c i e n t s  f o r  a r e  found by compar ing  t e r m s .  The f u n c t io n
i
depends only  on r e s u l t s  from p r e v i o u s  s t a g e s .h
While B orn 's  p ro c e d u re  c o n s i s t  a i n  s o l v i n g  a p e r t u r b a t i o n  ex ­
p a n s io n  o rd e r  by o r d e r ,  M i l l e r ’ s method a t t e m p t s  t o  c a r r y  ou t  t h e  t r a n s ­
f o r m a t i o n  to  i n f i n i t e  o r d e r  d i r e c t l y  b y  s e e k in g  t o  s o l v e  th e  problem 
e x a c t l y  by num er ica l  methods.  M i l l e r  w r i t e s  t h e  o r i g i n a l  Hamil tonian a s
”  J-  +  V,(x)  +  V<X) ( n . 6 3 )
where ( x , p) = ( x p  p^l 1 = 1 ,  f  a r e  C a r t e s i a n  c o o r d i n a t e s  and momenta, 
arid f  i s  t h e  number o f  d e g r e e s  o f  f r eedom .  The u n p e r t u r b e d  p o t e n t i a l  
Vq ( x ) i s  s e p a r a b l e .  M i l l e r  th e n  t r a n s f o r m s  t o  a n g l e - a c t i o n  v a r i a b l e s  
( q ,  n) f o r  t h e  u n p e r tu rb e d  m o t ion .  F o r  t h e  ha rm on ic  c a s e ,
He then  w r i t e s  th e  H-J e q u a t io n  f o r  t r a n s f o r m i n g  from ( q ,  n) t o  a n g l e -  
a c t i o n  v a r i a b l e s  o f  t h e  complete  H am il ton ian :
where F i s  a  ty p e - 2  g e n e r a t i n g  f u n c t i o n  ana th e  H am i l to n ian  E(N) i s  t h e  
energy .  M i l l e r  then  n o te s  t h a t  t h e  z e r o - o r d e r  t r a n s f o r m a t i o n  would he 
an i d e n t i t y  t r a n s f o r m a t i o n ,  and t h e r e f o r e  chooses  t o  w r i t e  t h e  g e n e r a t i n g  
f u n c t io n  F i n  te rms o f  an i d e n t i t y  g e n e r a t o r  p l u s  a g e n e r a t i n g  f u n c t i o n  G
"  S ‘ ^  i n . 66)
With t h i s  change ,  t h e  H-J e q u a t io n  becomes w i th  HQ ta k e n  t o  be a  harmonic 
o s c i l l a t o r  H am il ton ian :
E(n) = «•<»*■ !4) Uf - + V(» N + \ {XX.67)
a? J 8
M i l l e r  r e q u i r e s  t h a t  G be a p e r i o d i c  f u n c t i o n  o f  q.  This  f o l l o w s  by 
assuming t h a t  t h e  wave f u n c t i o n  can h e  e x p re s s ed  i n  t h e  WKB a p p r o x im a t io n
'V NM0 = < l l N >  ~  F f 8 , N l ]  ( n . 6 8 )
and r e q u i r i n g  t h a t  t h e  wave fu n c t io n  b e  s i n g l e - v a l u e d . T h e r e f o r e  G can 
be w r i t t e n  a s
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where  t h e  pr ime i n d i c a t e s  t h a t  t h e  c o n s t a n t  t e r m  i s  o m i t t e d  from t h e  
sum.
With t h e  n e x t  s t e p ,  M i l l e r  d e p a r t s  from B o rn ' s  method. The 
F o u r i e r  e x p a n s io n  f o r  G i s  s u b s t i t u t e d  i n t o  t h e  H-J  e q u a t i o n  ( I I . 6 t ) »  
and t h e n  t h e  e q u a t i o n  i s  m u l t i p l i e d  by e ^  a n d  i n t e g r a t e d  o v e r  q.  
Th is  r e s u l t s  i s  an i n t e g r a l  e q u a t i o n  e q u i v a l e n t  t o  th e  H-J  e q u a t i o n .
w * ( N + ' i O 0 ~ ( w - k )
* t  .. * (II.TO)
« -(* * ( e  * V ( g  N - J l h ' e
o k'
For k jf 0 ,  t h i s  e q u a t i o n  y i e l d s  a  s e t  o f  co u p led  i n t e g r a l  e q u a t i o n s
f o r  t h e  unknown F o u r i e r  c o e f f i c i e n t s  B, :k
For k = 0 ,  t h e  energy  i s  g iven  i n  te rm s  o f  t h e  B :
It
(1 1 .7 1 )
f tK \  - w (N »yj c  * Bt 0
o  ^
( 1 1 . 7 2 )
M i l l e r  s o l v e s  (1 1 .7 1 )  f o r  t h e  F o u r i e r  c o e f f i c i e n t s  u s in g  a 
n u m e r i c a l  r e c u r s i v e  i t e r a t i o n  which  i n v o lv e s  e v a l u a t i n g  t h e  F o u r i e r  
i n t e g r a l  on a  g r i d  o f  p o i n t s .  Be s t a t e s  t h a t  a f t e r  one i t e r a t i o n  h i s  
r e s u l t  a g r e e s  w i th  B o r n ' s  f i r s t  o r d e r  r e s u l t ,  b u t  t h a t  a f t e r  t h a t  t h e  
methods  a r e  n o t  e q u i v a l e n t .
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In  summary, t h e  method o f  Chapman, G a r r e t t  and M i l l e r ,  i e  t o  
t r a n s f o r m  d i r e c t l y  t o  t h e  p r o p e r  a n g l e - a c t i o n  v a r i a b l e s  f o r  t h e  c o m p le te  
H a m i l t o n i a n  by n u m e r i c a l l y  s o l v i n g  a  s e t  o f  coupled i n t e g r a l  e q u a t i o n s  
which  a r e  e q u i v a l e n t  t o  t h e  H am i l to n -J a c o b i  e q u a t i o n .  (An a p p l i c a t i o n  
o f  t h e  method o f  M i l l e r ,  e t  a l ,  appears  i n  2 c . )
I t  s h o u ld  be p o i n t e d  ou t  t h a t  t h e  methods o f  Born and o f  M i l l e r ,  
e t  a l ,  a r e  bound t o  be d i v e r g e n t .  The s o u r c e  o f  t h e  d iv e r g e n c e  i s  due
a t  l e a s t  i n  p a r t  t o  t h e  famous problem from a s t r o n o m ic a l  p e r t u r b a t i o n
10ct h e o r y  hnown a s  t h e  sm a l l  d i v i s o r  d i f f i c u l t y ,  A m a n i f e s t a t i o n  o f  t h e  
p r o b l e m ,  f o r  t h e  c a s e  o f  a  harmonic  u n p e r tu r b e d  H a m i l to n ia n  can be  s e e n  
by i n s p e c t i n g  e q n ,  ( 1 1 . 7 1 ) ,  The denominator  c o n t a i n s  t h e  f a c t o r  
£  wi k l  “  i f  t h e  f r e q u e n c i e s  of t h e  u n p e r tu r b e d  motion a r e  r e l a t e d
b y  t h e  r a t i o  o r  i n t e g e r s  (eoDunensur a b i l i t y  c o n d i t i o n )  t h e n  th e  denom ina ­
t o r  f o r  some t e r m s  w i l l  v a n i s h .  Worse y e t ,  even i f  t h e  u n p e r tu r b e d  
f r e q u e n c y - r a t i o s  a r e  i r r a t i o n a l ,  s ince  t h e s e  numbers can  be ap p ro x im a te d  
t o  an  a r b i t r a r y  d e g r e e  by r a t i o n a l  numbers,  a  s u f f i c i e n t  number o f  d e ­
n o m i n a t o r s  w i l l  come a r b i t r a r i l y  c lose  t o  z e r o  t o  e n s u r e  t h e  d i v e r g e n c e  
o f  t h e  sum. B o rn ' a  method a l s o  s u f f e r s  from the  s m a l l  d i v i s o r  d i f f i c u l t y .
Ano ther  a s p e c t  o f  t h e  d iv e rg en ce  o f  both  B o r n ' s  and M i l l e r ' s  
method i s  t h a t  t h e y  a r e  bound t o  f a i l  f o r  m u l t i d i m e n s i o n a l  systems 
w h ich  p o s s e s s  a dense  s e t  o f  ’’e rgod ic"  o r b i t s  embedded among t h e  q u a s l -  
p e r i o d i c  o r b i t s .  The r e a s o n  i s  t h a t  t h e  convergence  o f  t h e s e  m ethods  
would im p ly  t h a t  t h e  mot ion  a c t u a l l y  was p u r e l y  q u a s i p e r i o d i c .  Fo r  such 
c a s e s  t h e s e  methods  would t h e r e f o r e  be p r e d i c t i n g  b e h a v i o r  which v i o l a t e d
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t h e  t r u e  b e h a v i o r  o f  t h e  sys tem.  T h e r e f o r e  t h e  methods m us t  be d i v e r ­
g e n t  i n  g e n e r a l .
The f a c t  t h a t  t h e  methods d e s c r i b e d  h e r e  w i l l  d i v e r g e  does  
no t  p r e v e n t  them f rom  p r e d i c t i n g  a c c u r a t e  e n e rg y  l e v e l s .  The key i s  
t o  t r u n c a t e  t h e  s e r i e s  c a l c u l a t e d .  These methods  show a  s o r t  o f  f a l s e  
c o n v e r g e n c e  such t h a t  i f  t h e  s e r i e s  in  them a r e  t r u n c a t e d ,  th e y  a r e  
s t i l l  a b l e  t o  a c c u r a t e l y  c a l c u l a t e  p h y s i c a l l y  c o r r e c t  r e s u l t s .
c ,  Q u a n t i s a t i o n  f o r  I r r e g u l a r  C l a s s i c a l  O r b i t s
The o n ly  w o rk e r  who has  s e r i o u s l y  i n v e s t i g a t e d  quantum s t a t e s
3
c o r r e s p o n d i n g  t o  i r r e g u l a r  c l a s s i c a l  o r b i t s  i s  M. C. G u t z v i l l e r ,  and 
th e  m ethods  he  has  d e v e lo p e d  a r e  e n t i r e l y  d i f f e r e n t  from t h o s e  d i s c u s s e d  
above .  He s u g g e s t s  t h a t  p r o g r e s s  can be made more e a s i l y  by s t u d y i n g  
s e m i c l a s s i c a l  a p p r o x i m a t i o n s  t o  t h e  G re e n ' s  f u n c t i o n  I n s t e a d  o f  t h e  i n ­
d i v i d u a l  s t a t e s .  The Greenes  f u n c t i o n  G{q, q T; E) i s  i n  s e m i c l a s s i c a l  
a p p r o x i m a t i o n  r e l a t e d  t o  t h e  a c t i o n  i n t e g r a l  e v a l u a t e d  on a  c l a s s i c a l  
p a th  o f  e n e r g y  E from q t o  q 1 :
- > E ) *  £ »  .
p<vri>S <n -7 3)
He shows t h a t  t h e  " r e s p o n s e  f u n c t i o n "
O f(E i « *  ( t I -7M
i s  d e t e r m in e d  p r i m a r i l y  by  t h e  p e r i o d i c  o r b i t s ,  end t h a t  I t  I m p l i c i t l y  
c o n t a i n s  t h e  e n t i r e  e n e r g y  s p e c t r u m ,
T h i s  does  n o t  s ay  t h a t  I n d i v i d u a l  quantum s t a t e s  a r e  a s s o c i a t e d  w i t h  
i n d i v i d u a l  p e r i o d i c  o r b i t s ,  b u t  o n ly  t h a t  t h e  s e t  o f  a l l  p e r i o d i c  o r b i t s  
c o n t a i n s  I n f o r m a t i o n  s u f f i c i e n t  t o  d e t e r m in e  a p p ro x im a te ly  t h e  s e t  o f  
quantum s t a t e s .
b e c a u s e  o f  t h e  d i f f i c u l t y  o f  d e t e r m i n i n g  a  s u f f i c i e n t l y  l a r g e  s e t  o f  
p e r i o d i c  o r b i t s .  He c a r r i e d  o u t  one (w id e ly  m is u n d e r s to o d )  c a l c u l a t i o n  
on an a n i s o t r o p i c  K e p le r  p ro b le m ,  b u t  t h e  r e s u l t s  must be  r e g a r d e d  as  
p r e l i m i n a r y ,  and work  on t h i s  p rob lem  i s  c o n t i n u i n g .
Ho o t h e r  methods  have  y e t  been  proposed  f o r  t h i s  d i f f i c u l t
p rob lem .
d . C a l c u l a t i o n  o f  I n v a r i a n t  T o r o id s
We have d i s c u s s e d  e a r l i e r  t h e  hypo the se s  advanced by P e r c i v a l
on t h e  g e n e r a l  n a t u r e  o f  v i b r a t i o n a l  S p e c t r a .  B es ides  t h i s ,  P e r c i v a l  
band Fomphrey 1 h a v e  s u g g e s t e d  s e v e r a l  methods f o r  computing  e i g e n ­
v a l u e s  o f  a  r e g u l a r  s p e c t ru m .  Two s i g n i f i c a n t  g e n e r a l  f e a t u r e s  o f  t h e i r  
methods  a r e :  l )  t h e y  can a l l  b e  d e r i v e d  from a  v e r y  g e n e r a l  c l a s s i c a l
v a r i a t i o n a l  p r i n c i p l e  which i s  somewhat ana logous  t o  t h e  s t a n d a r d  quan­
tum v a r i a t i o n a l  p r i n c i p l e ;  2 )  t h e y  d e l i b e r a t e l y  a v o i d  t h e  c a l c u l a t i o n
( 1 1 . 7 5 )
The methods d e v e lo p e d  by G u t z v i l l e r  a r e  n o t  e a s y  t o  im p lem en t ,
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o f  g e n e r a t i n g  f u n c t i o n s  which may h e  c o m p l i c a t e d  m u l t i  p i e - v a l u e d  func­
t i o n s ,  an d  i n s t e a d  c a l c u l a t e  t h e  i n v a r i a n t  t o r o i d s  d i r e c t l y .
One o f  t h e i r  p r o p o s e d  methods  i s  as  f o l l o w s .  Let us w r i t e  
t h e  v e c t o r  e q u a t i o n s  o f  m o t ion  f o r  a  t w o - d im e n s io n a l  o s c i l l a t o r  in  th e  
form
%  =  F < « ) ( 11*7 6 )
w i t h  F ( q )  c o n s i s t i n g  o f  "both l i n e a r  an d  n o n - l i n e a r  t e r m s ,
Fc*> -  - X  6 * F “'jp [II-T7)
Now i f  0^  , 0 ^  a r e  t h e  two a n g l e s  t h a t  r e p r e s e n t  t h e  p o s i t i o n  on 
t h e  t o r o i d ,  t h e n  t h e  m app ing  f rom  t h e  forms i n t o  c o n f i g u r a t i o n  space  
e, * e* ) c an  "be e x p an d e d  i n  a F o u r i e r  s e r i e s  as
(11 .78)
S in c e  e a c h  0  v a r i e s  l i n e a r  w i t h  t i m e ,
Q \  f- 5 ^  (11*79)
When t h e  e x p a n s i o n  ( 1 1 * 7 8 )  i s  a p p l i e d  t o  th e  e q u a t i o n  o f  motion (11 .76)  
we o b t a i n  a  s e t  o f  n o n - l i n e a r  a l g e b r a i c  e q u a t i o n s  f o r  t h e  c o e f f i c i e n t s
q an d  th e  f r e q u e n c i e s  uJ,  , tQ :
3 1 2
[ i . * -  ( s , < o ,  4- S ^ U J ^  =  ( r i . a o )
[ \ r -  (S,1**, *■ 3 y  ,  fF
t  I  7 ■
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where
L ^  t—*  - n  f  -j —>&>L .
F ^  =  ( ? v )  J ^ t £ ( e i A J)  < U  J £ f
* X  -  IT
The o n l y  re m a in in g  prob lem  i s  t h e  s o l u t i o n  t o  t h e s e  a l g e b r a i c  
e q u a t i o n s  ( I l . f l O ) ;  F e r c i v a l  anil Fomphrey s u g g e s t  s e v e r a l  i t e r a t i v e  methods 
f o r  a c c o m p l i s h in g  t h i s .  A l l  o f  t h e  I t e r a t i v e  tnethoda b e g in  from t h e  
S o l u t i o n  t o  t h e  harmonic  p rob lem ;
St=l 5 a= O XK-  *0 ,L *,«.
s - o  S j = i  «>1! ' y „  *«-t i t v * , r y
In  c a r r y i n g  o u t  t h e  i t e r a t i o n ,  c e r t a i n  v a r i a b l e s  can be  s p e c i f i e d  a r ­
b i t r a r i l y ,  In  t h e  s i m p l e s t  m e thod ,  we may h o l d  and y  f i x e d  t h r o u g h ­
o u t  e v e r y  s t e p ;  t h e n  t h e  f r e q u e n c i e s  and c o e f f i c i e n t s  In  each  s t e p  a r e  
g iv en  by
■ * * '  FC I'/ X , <’
/
'  X y  -  * > „  / / „
^  ^  % /  ^  " CS'W' + l  .
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A l t e r n a t e l y ,  we may h o ld  t h e  f r e q u e n c i e s  f i x e d  t h r o u g h o u t  e v e r y  s t e p ,  
o r ,  f o r  q u a n t i z a t i o n  p u r p o s e s ,  h o l d  t h e  a c t i o n  v a r i a b l e s  f i x e d  a t  h a l f ­
i n t e g e r s  th r o u g h  e v e r y  s t e p ,  ( T h i s  l a s t  method r e q u i r e s  t h e  r e l a t i o n ­
s h i p  between t h e  mapping q( £). . 9 ,  ) and t h e  v a l u e s  o f  t h e  a c t i o n
f *■
v a r i a b l e s „ )
I t  would be e x p e c t e d  t h a t  some o f  t h e s e  i t e r a t i o n  methods 
would d i v e r g e  i n  g e n e r a l ,  b ecau se  o f  t h e  p r e s e n c e  o f  i r r e g u l a r  mot ion ;  
some however may show a u s e f u l  f a l s e  c o n v e r g e n c e ,  and P e r c i v a l  a l s o  sug­
g e s t s  t h a t  t h e  c o n v e r g e n t  i t e r a t i o n  scheme o f  Arnol 'd may even be a p p l i e d .  
A c cu ra te  r e s u l t s  f o r  some s im ple  model sy s tem s  have  taeen o b t a i n e d .
I I I .  THE BIRKHGFF-GUSTAVSON NORMAL FORM
In  t h i s  c h a p t e r  we d e s c r i b e  a method o f  t r e a t i n g  n o n sep a ra b le
7
c l a s s i c a l  sy s te m s  which  was o r i g i n a l l y  deve loped  by B i r k h o f f  and l a t e r  
e x t e n d e d  by G u s tav so n .  T h i s  method forms th e  c e n t r a l  f e a t u r e  o f  our 
s e m l c l a s s i c a l  q u a n t i s a t i o n  p r e s c r i p t i o n  s i n c e  i t  p r o v i d e s  t h e  means o f  
s o l v i n g  f o r  t h e  c l a s s i c a l  mot ion  in  p r e p a r a t i o n  t o  a p p l y i n g  th e  semi- 
c l a s 3 i c & l  q u a n t i s a t i o n  c o n d i t i o n s .  B i r k h o f f ’ s method p ro v id e s  a p r o ­
c e d u r e  t o  t r a n s f o r m  t h e  o r i g i n a l  n o n s e p a r a b l e  o s c i l l a t o r  H am il ton ian  
i n t o  a  normal form ( t o  be d e f i n e d  p r e s e n t l y }  v i a  a s u c c e s s io n  o f  
c a n o n i c a l  t r a n s f o r m a t i o n s .  Th is  normal form c o n s i s t s  o f  a power 
s e r i e s  in  o n e - d i m e n s i o n a l  harmonic  o s c i l l a t o r  H a m i l to n ia n s ,  Because 
o f  t h e  p a r t i c u l a r  s i m p l i c i t y  o f  t h i s  f i n a l  form, t h e  H am i l to n ian  can 
be e a s i l y  q u a n t i z e d *  as  we w i l l  d i s c u s s  In  t h e  n e x t  c h a p t e r .  But f i r s t ,  
l e t  us examine t h e  p u r e l y  c l a s s i c a l  a s p e c t s  -  t h e  g e n e r a t i o n  o f  the  
normal form.
The r e s u l t  o b t a i n e d  by  B t r k h o f f  i s  t h a t *  g iven  a H am il ton ian  
II which can  h e  w r i t t e n  a s  a  fo rm al  power s e r i e s  w i t h o u t  c o n s t a n t  o r  
l i n e a r  te rms* and such t h a t  t h e  q u a d r a t i c  te rm s  may be w r i t t e n  a s  a sum 
o f  u n c o u p led  harmonic  o s c i l l a t o r  t e rm s  w i th  incommensurable f r e q u e n c i e s ,  
t h e n  t h e r e  e x i s t s  a  fo r m a l  r e a l  c a n o n i c a l  t r a n s f o r m a t i o n  g e n e r a t e d  
by a  power s e r i e s *  such  t h a t  H I s  t r a n s f o r m e d  i n t o  a H am i l to n ian  which 
i s  a  power s e r i e s  i n  o n e - d im e n s i o n a l  uncoup led  harmonic  o s c i l l a t o r  
H a m i l t o n i a n s ,  I . e .
6S
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i ) )
^  a r e  c a n o n i c a l  c o o r d i n a t e s ,
i'"' ^ i| i s  a fo rm al  power s e r i e s  i n  T i - i \ .
a r e  c a n o n i c a l  momenta, andw here
(The c o n s t a n t  t e r m  can
always  be e l i m i n a t e d  by s h i f t i n g  th e  z e r o  o f  energy* L i n e a r  t e r m s  can 
be e l i m i n a t e d  i n  a n o n d i s a i p a t i v e  s y s te m .  The q u a d r a t i c  te rras  m u3t be 
p o s i t i v e  d e f i n i t e  in  o r d e r  t o  be  w r i t t e n  a s  harmonic o s c i l l a t o r  t e r m s .  
Formal power s e r i e s  a r e  c o n s i d e r e d  i n  o r d e r  t o  av o id  c o n v e r g e n c e  c o n s i d -
be e a s i l y  i n t e g r a t e d ,  and  t h e  t r a n s f o r m a t i o n  to  a n g l e - a c t i o n  V a r i a b l e s  
would be s t r a i g h t f o r w a r d .  {T h is  i s  c a r r i e d  ou t  in an  exam ple  l a t e r  in  
t h i s  c h a p t e r . )  S ince  t h e  m o t io n  c o u ld  be  e x p r e s s e d  i n  t e r m s  o r  a n g i e -  
a c t i o n  v a r i a b l e s ,  n i n d e p e n d e n t  i s o l a t i n g  i n t e g r a l s  w ou ld  e x i s t ,  an d  t h e  
o r i g i n a l  c o o r d i n a t e s  and momenta co u ld  be w r i t t e n  a s  q u a s i p e r i o d l c  
f u n c t i o n s ,
form d i v e r g e s  i n  g e n e r a l .  T h a t  t h i s  s h o u l d  be so f o l l o w s  from t h e  b e ­
h a v i o r  o f  n o n aep a rab le  sy s te m s  o f  o s c i l l a t o r s ,  as  d i s c u s s e d  in  Chap,  I I .  
For c a s e s  i n  which i r r e g u l a r  o r b i t s  c an  be  found a r b i t r a r i l y  c l o s e  t o  
q u a s i p e r i o d i c  o r b i t s ,  t h e  m o t io n  can n o t  be  d e s c r i b e d  c o n t i n u o u s l y  o v e r  
a r a n g e  o f  e n e r g i e s  i n  t e r m s  o f  p u r e l y  q u a a i p e r i o d i c  s o l u t i o n s .  But 
t h i s  i s  e x a c t l y  what a  c o n v e r g e n t  normal  form would i m p l y ,  s i n c e  a n g l e -  
a c t i o n  v a r i a b l e s  cou ld  be c o n s t r u c t e d .  As d i s c u s s e d  by  Moser,  t h e
e r a t l o n s , )  I f  t h e  s e r i e s  I were t o  c o n v e r g e ,  t h e  new e q u a t i o n s  cou ld
h a s  shown t h a t  B i r k h o f f ’s no rm a lU n f o r t u n a t e l y ,  S i e g e l
TO
nu m er ica l  d i f f i c u l t y  which  i s  r e s p o n s i b l e  f o r  t h e  d i v e r g e n c e  o f  t h e
normal form i s  t h e  sm a l l  d i v i s o r  problem o f  c e l e s t i a l  p e r t u r b a t i o n  t h e o r y ,
which vaa  mentioned e a r l i e r .  ( i t  may be p o i n t e d  o u t  t h a t  a c c o r d i n g  t o
a  r e s u l t  by Ruesman B i r k h o f f ’ s  normal form w i l l  c o n v e rg e  f o r
q u a s i p e r i o d i c  sy s te m s ,  such aa co m p le te ly  s e p a r a b l e  sys tem s  f o r  e x a m p l e . )
B i r k h o f f ’ s method was a p p l i e d  by G u s t av so n  in  o r d e r  t o  o b t a i n
power s e r i e s  e x p r e s s i o n s  f o r  i s o l a t i n g  i n t e g r a l s ,  and t o  a n a l y t i c a l l y
p r e d i c t  t h e  Po incar£  s u r f a c e s  o f  s e c t i o n  which H^non and H e i l e s  o b t a i n e d .
S ince  t h e  p o t e n t i a l  t r e a t e d  had commensurable f r e q u e n c i e s  ( e q u a l ,  i n
f a c t ) ,  Gustavson had t o  modify  B i r k h o f f ’ s method somewhat,  i n  o r d e r  t o
o b t a i n  a  k ind  o f  normal form. However, t h e  i s o l a t i n g  i n t e g r a l s  which
Gustavson d e r iv e d  were s u c c e s s f u l  i n  r e p r o d u c i n g  t h e  P o in c a r £  s u r f a c e s
o f  s e c t i o n  o f  the  H & II s y s t e m ,  a t  l e a s t  f o r  t h e  q u a s i  pe r  i o d i c  c a s e s .
As e x p e c t e d ,  t h e  method f a i l e d  t o  p r e d i c t  t h e  ’’random" s c a t t e r  o f  p o i n t s
on th e  s u r f a c e  o f  s e c t i o n ,  which c o r r e s p o n d  t o  i r r e g u l a r  o r b i t s .
The p ro ced u re  f o r  t r a n s f o r m i n g  t o  B i r k h o f f ’ s  normal form w i l l
be  d e s c r i b e d  h e re  i n  d e t a i l  f o r  c o m p le ten e s s  s a k e ,  a l t h o u g h  I t  i s  an
e s s e n t i a l l y  unmodif ied  form o f  t h e  p ro ced u re  p r e s e n t e d  i n  G u s t a v s o n ’ s 
6p a p e r .
T ran s fo rm a t io n  to  Normal Form
Let us c o n s i d e r  a  system d e s c r i b e d  by  a H a m i l to n ia n
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( s )which i s  a  power s e r i e s  i n  c o o r d i n a t e s  u and  momenta v.  H i s  t a k e n  
t o  be a  homogeneous p o ly n o m ia l  o f  d e g re e  a .
( i > —  _ . i J
5 - J 3.
1 + 1 =  5 * J■]
* . r  + 0
( 2 )For  sy s te m s  in  which  H i 3 p o s i t i v e  d e f i n i t e  ( i . e .  c a se s  f o r  which 
( 2 )
H r e p r e s e n t s  a  ha rm on ic  o s c i l l a t o r )  th e n  t h e r e  e x i s t s  a c a n o n i c a l  
t r a n s f o r m a t i o n  ( u Tv) -»* ( q , p )  which t r a n s f o r m s  H i n t o  t h e  form
H i  J J O  *  5 ^  i  (  S k * - ) ( r i i . 2 >
F o l lo w in g  G us taveon ,  we now d e f i n e  a  normal form. Let H(q ,p)
f 2 )
be a  H a m i l to n ia n  w i t h  H (q+p) a s  g iv e n  i n  Eq. I I I . 2.  Then we say  
t h a t  H (q ,p )  i s  i n  normal  form i f  DH(q,p) = 0 , where
O )T h i s  i s  e q u i v a l e n t  t o  r e q u i r i n g  t h a t  t h e  P o i s s o n  b r a c k e t  o f  H w i th  
II v a n i s h ,  s i n c e  D i s  g iv e n  by
D ] ( I I I . U )
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(The minus s i g n  i s  i n c l u d e d  here  to  he c o n s i s t e n t  w i th  t h e  q u a n t i t y  he 
c a l l s  D; a p p a r e n t l y  h i s  e q u a t i o n  2. b s h o u ld  a l s o  have t h i s  minus  s i g n . )
U s ing  t h i s  d e f i n i t i o n  fo r  t h e  norm al  form, we w i l l  now t r e a t  
t h e  two d im e n s io n a l  c a s e  which we s t u d i e d .  In  t h i s  c a s e  I s  t h e
only  nonzero  a d d i t i o n  t o  t h e  unpe r tu rbed  H a m i l to n ia n .  However* t h e  
method can be  a p p l i e d  t o  c a s e s  in which t h e  o r i g i n a l  H a m i l to n i a n  i s  a 
power s e r i e s  t r u n c a t e d  a t  any d e s i r e d  d e g r e e .
The H a m i l to n ia n  which we s t u d i e d  i s  given by
, , _  f i l l . 5)
= H  ^ H‘»
f 2)where p i s  momentum, and  q i s  c o o r d i n a t e .  The u n p e r t u r b e d  p a r t  H o f  
t h e  H a m i l to n ia n  d e s c r i b e s  two uncoupled harm onic  o s c i l l a t o r s ,  w h i l e  th e  
p e r tu r b e d  p a r t  i n t r o d u c e s  a n o n - l i n e a r  c o u p l i n g ,  ( T h i s  i s  t h e  same
Hamil tonian  s t u d i e d  by Marcus ,  e t  a l . ^ a f ^ and  M i l l e r ,  e t  n l . ^ a )
( ? )The second d e g r e e  terras H can be b rough t  i n t o  B i r k h o T f ' s  
normal form by t h e  t r u n s  fo rm a t io n
P n —  4  P *
f a
( r i i . 6 )
g iv ing
h^i  ( i n . 7)
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T h i s  H a m i l to n la n  ( 1 1 1 .7 )  c an  now be t r a n s f o r m e d  t o  n o rm a l  form by a  
seq u en ce  o f  c a n o n i c a l  t r a n s f o r m a t i o n s . Each t r a n s f o r m a t i o n  i s  d e f i n e d  
b y  means o f  a  t y p e - 2  g e n e r a t i n g  f u n c t i o n  F^ su ch  t h a t
FJE.V '  £  + W'<)f .S> <m.a)
{ s )w here  P a r e  t h e  new c a n o n i c a l  momenta and where  t h e  p r o p e r t i e s  o f  W 
w i l l  be d e s c r i b e d  p r e s e n t l y ,  {Where t h e  a b b r e v i a t e d  n o t a t i o n  P , Q , p ,  o r  
q i s  u sed ,  i t  s h o u l d  be c l e a r  t h a t  P means P , . , , ,  P^ ,  e t c . )  The 
f i r s t  term on t h e  r i g h t  hand s i d e  o f  ( T i l . f t )  i s  an i d e n t i t y  g e n e r a t o r ;  
i t s  purpose w i l l  b e  t o  l e a v e  t h e  t e r m s  which  a r e  a l r e a d y  i n  no rm a l  form 
unchanged.  The t r a n s f o r m a t i o n  e q u a t i o n s  which  r e s u l t  a r e
ra >
a tG  =  g  ** T y  ( I I I . 9 a )
^  / J> p  . 3 W
P  ”  L  +  5 —  { I I I .  9b)
=  r * f  p , q )  ( m . 9c)
w here  Q i s  t h e  c o o r d i n a t e  c a n o n i c a l l y  c o n j u g a t e  t o  P ,  and where  F* I s  
t h e  H am il ton ian  i n  t h e  new c o o r d i n a t e s .  B eg i n n in g  w i t h  s = 3 ,  t h e  t r a n s ­
fo r m a t i o n s  s e q u e n t i a l l y  n o r m a l i z e  t h e  t e r m s  o f  d e g r e e  s in  t h e  H a m i l t o n i a n ,
( 3 )As we w i l l  show, t h i s  can be  a c h i e v e d  by ta lc in g  W' t o  be  a homogeneous 
p o ly n o m ia l  o f  d e g r e e  s .
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F o l lo w in g  t h e  u s u a l  p r o c e d u r e  o f  Appendix 1 f o r  o b t a i n i n g  an 
e q u a t i o n  f o r  we s u b s t i t u t e  ( I 1 1 . 9 a , b )  i n t o  ( I I I .  St} t o  o b t a i n
r < r , s . $ o
F o l lo w in g  G u s tav so n ,  i f  we expand H and P  i n  a  T a y lo r  s e r i e s  ab o u t  
F and q ,  and t h e n  c o l l e c t  and  e q u a te  a l l  t e rm s  o f  e q u a l  d e g r e e ,  t h e  
fo l l o w i n g  s e t  o f  e q u a t i o n s ,  e q u i v a l e n t  t o  ( I I I . 10) r e s u l t s :
-  r < y t > i < i
D V i f ^
‘5) W
I - 1  (  E , y )  -  H f E , t >  > *  5
n li)
-  w i f t >  +  E  J l , \  )  - y
x- I j f  +  ■j* ^ 3 - 0  *  *»
I *  1 1 1 <. A  < 1
where  J!  -  In  t h e s e  e q u a t i o n s
-  H(‘W
r-t
and <*> CV
f C E , ^  -  n f , < 3 )
Q - J
( i l l . 11a) 
{ I I I . l i b )
l > 3
( I I I . 1 1 c )
{ I I I . 12)
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a s  a r i s e s  from t h e  T a y lo r  e x p a n s io n .  Thus H ^ N p , q )  e f f e c t i v e l y  means
( 1 ) -f11H ( p ,q )  with p r e p l a c e d  by P and T(P(^ m e a n s  "(1,0) w i th  Q r e p l a c e d  by  q. 
In  e q u a t i o n  ( i l l . l i b } ,  t h e  o p e r a t o r  D i s  g i v e n  by eqn. ( I I I . 3 ) .
E q u a t io n  ( i l l . 1 1 a) shows t h a t  t h e  t r a n s f o r m a t i o n  o f  d e g r e e  a 
l e a v e s  lower d e g r e e  terms u n a f f e c t e d ;  ( i l l . l i b )  i s  t h e  e q u a t i o n  t o  b e  
S o lved  fo r  w( , and when t h i s  i s  d o n e ,  ( I I I , 1 1 c )  g i v e s  t h e  h i g h e r  
d e g re e  terms In  t h e  new H a m i l to n ia n ,  (For an  example which may c l a r i f y  
t h e  c o n c is e  hu t  somewhat opaque n o t i o n  o f  e q n ,  I I I . 1 1 c ,  see Appendix IV,) 
In  o r d e r  t o  so lve  e q u a t i o n  ( I I I . l i b )  f o r  v /  ^ , we t e m p o r a r i l y  
maJte a t r a n s f o r m a t i o n  t o  v a r i a b l e s  i n  which D i s  d i a g o n a l :  d e f i n e
=  2  ^ ( I I I , 1 3 a )
(TIT. 13b)
Under  t h i s  t r a n s f o r m a t i o n ,  D TJ where
. c m . i M
I t  fo l lows  by i n s p e c t i o n  t h a t  f u n c t i o n s  o f  t h e  form
$  0  - ^  £  f '  e ( I I I . 15)
a r e  e i g e n f u n c t i o n s  o f  D w i th  e i g e n v a l u e s
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i . e .
' V i ’ W  k  J  - V i V i  (
I I I  , 1 6 a )
Consequent ly
Under t h e  t r a n s f o r m a t i o n  d i s c u s s e d  h e r e ,  sqn ,  ( T i l . l i b )  becomes
^ , CSJ ~ { 5)
D  W  =  r  — H  ( ITX.17)
j g J
This  e q u a t i o n  may now be solved f o r  W o p e r a t i n g  w i th  D on bo th  s i d e s
^-1 r - < 5 l  T
W =  t >  [  P  '  H  J  ( i n . 18)
}f^B  ^ i s  a known f u n c t i o n .  But so f a r ,  P  ha s  been un-
_/ ( \
s p e c i f i e d .  "  i s  now de te rm ined  from t h e  r e q u i r e m e n t  t h a t  W be
-(*)
f i n i t e .  C l e a r l y ,  P  must be chosen  so as t o  e x a c t l y  c a n c e l  any te rms
* ( s) * * b
in  H which would g iv e  a  v a n i s h i n g  denominato r  In eqn. (1 1 1 ,1 6 b ) .  So 
lo ng  a s  th e  f r e q u e n c i e s  a r e  incommensurable ,  t h e  o n ly  t e rm s  t h a t  must
pT® ’ 0appea r  i n  I a r e  t h o s e  f o r  which k f o r  a l l  k ;  t h o s e  terms a r e
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Such t e rm s  a r e  c a l l e d  n u l l  apace  t e rm s  (b e c a u s e  D o p e r a t i n g  on them g i v e s  
a n u l l  r e s u l t ) .  The rem a in in g  t e r n s  a r e  c a l l e d  range  space  te rras .
<W S ) fl<( 5 )T h e r e f o r e ,  i f  H i s  s e p a r a t e d  i n t o  n u l l  s p a c e  te rm s  H and ran g e
m( g )
space  tenD s  R s
(J) ^ ( S )
pj = N + R , ,
* ( i l l , 2 0 )
-w'O)
r (n )t o  c a n c e l  t h e  n u l l  sp a c e  te rm s  i n  H " , eqn* ( I I I . 10)
r e s u l t s  in i
*  (1)
r 1 *  N  ( I I I . 2 1 a )
w  -  o  b  R J
^  <*) ^ r t  r  ^C*)
( I I I . 2 1 b )
r ^ J ''■(s )Having o b t a i n e d  I and  V , ve  can  use  t h e  i n v e r s e  e q u a t i o n s  t o
0) / s )  ,_ /S )
eqn.  { i l l .  13) t o  o b t a i n  and  Vr , 1 w i l l  be composed o n l y
o f  t e rm s  such a s  In eq n ,  (1 1 1 ,1 9 )  ( a s  m e n t io n e d ,  p r o v i d e d  t h a t  t h e  f r e ­
q u e n c i e s  were in co m m en su rab le . )  Note t h a t  a r b i t r a r y  n u l l  sp ace
t e r n s  c o u l d  be added t o  W, b u t  f o l l o w i n g  G us tavson  we omit  such t e r m s .
The above  method f o r  c o n s t r u c t i n g  t h e  normal  form s i m u l t a n e o u s l y  s a t i s f i e s
o u r  d e f i n i t i o n  o f  a normal form (p a ra g ra p h  c o n t a i n i n g  eqn,  1 1 1 , 3 ) ,  and
( 3)s e r v e s  t o  e l i m i n a t e  e x a c t l y  those  te rms  in H which Would c au se  d i -
f g \
v e r g e n c e  o f  t h e  e q u a t i o n  f o r  Vf ( eqn .  I I I , l f t ) .
Mow t h a t  d e g re e  s terms i n  t h e  H a m i l to n ia n  have b e en  t r a n s f o r m e d
r * ^  f s )i n t o  t h e  normal  form I , w' must he u sed  in eqn.  ( I l l  . 1 1 c )  t o  c a l ­
c u l a t e  h i g h e r  d e g r e e  te rm s  i n  the  new H a m i l to n ia n .  The p r o c e s s  can t h e n  
he r e p e a t e d  t o  n o r m a l i s e  t e rm s  o f  d e g re e  a + 1. I t  w i l l  be  found t h a t
t h e  n o rm al  form w i l l  c o n t a i n  only te rm s  o f  even d e g r e e .
As an  exam ple ,  t h e  normal form o b t a i n e d  th r o u g h  d e g r e e  fo u r  
t e rm s  f o r  t h e  H a m i l to n ia n  { I I I . 5 } ,  w i th
<*>,•= 1.3 1 -  _°i
Wi,  0.7 t  '  01
i s  g i v e n  b y :
f a i l ' s  ( £ / Q ! ) + f-7 Qi ) 3
-  1.o i j j i j « i«J IV ( £ > * X O' ( n i - 23)
* s ; i} [- (f,%0*)]
Once t h e  t r a n s f o r m a t i o n  t o  B i r k h o f f ' s  normal form i s  made, t h e
harm on ic  O s c i l l a t o r  terras can be t r a n s f o r m e d  t o  a c t i o n  v a r i a b l e s  v i a  t h e
c a n o n i c a l  t r a n s f o r m a t i o n
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which  r e s u l t s  i n
z w  U n .£ ? 5 >
For t h e  example  J u s t  g i v e n ,  t h e  normal form (eqn . I I I . 23) b e ­
comes ( t h r o u g h  t e r m s  o f  d e g re e  f o u r  i n  (Q ,P ) ) :
r -  1 .3 ( £ w  *<» 1 5 )
-  I. * 6  I f f  - 1 6  3  ( i  )X
I  T J   ^ ( 111.26)
-  I. 0 1 3 1 3 5  x t S  (
_  - 1  /  J ,  i l
-  5 .  ? J *  fi) (  T i r  1
As Chap. I I  sh o v e d ,  o n c e  t h e  c l a s s i c a l  motion i s  express.  u t e r m s  o f  
a c t i o n  v a r i a b l e s ,  semi c l a s s i c a l  q u a n t i z a t i o n  I s  s t r a i g h t f o r w a r d .  Th is  
i s  c a r r i e d  o u t  in  t h e  n e x t  c h a p t e r .  However, we m ust  f i r s t  d e a l  w i t h  
commensurab le  f r e q u e n c i e s  and  t h e i r  e f f e c t  on t h e  normal form.
So f a r ,  i t  h a s  been  assumed t h a t  t h e  f r e q u e n c i e s  a r e
Incom m ensurab le .  To s e e  what  must b e  done in  t h e  commensurable  c a s e ,  
c o n s i d e r  t h e  f o l l o w i n g :  Assume t h a t  W, t  • C o n s id e r  eq_n{ I I I . l 6 a)
f o r  f f i  -  f l
* 1 6 0 1
[ * < > , ( “ * ) *  U ) u ( 1 ) ]  H j ( 1 1 1 . 2 7 )
-  0
ff*T h e r e f o r e  0  *1 \  w ould  d i v e r g e .
T9
In  o r d e r  t o  a v o id  t h i s  o c c u r e n c e ,  must be  chosen  t o
( 3 J
c a n c e l  such  a d d i t i o n a l  t e rm s  in  H f o r  t h e  commensurable  c a s e ,  A s id e  
from t h i s  change* t h e  p r o c e d u r e  i s  I d e n t i c a l  t o  t h a t  f o r  t h e  Incom­
m e n su r a b le  c a s e .
The H a m i l to n i a n  which we t r e a t e d  i s  g i v e n  by
H- i  ( f * f» V ^ ?») *■ £^* M ) <1 1 1 . 2 0 )
v h e r e  A  "  J - 0 O 3
n  -  - f t
, i c
[ R e c a l l  t h a t  t h i s  i s  t h e  same c a s e  as  t r e a t e d  by Noid and Marcus 
[Chap.  I I ) , )  I f  t h e  normal  form i s  c o n s t r u c t e d *  t h e n  th ro u g h  d e g re e  h 
t e r m s ,  t h e  f o l l o w i n g  r e s u l t  i s  found:
p  *  i i ( p , + o ) )  *
* 4 . ( 6 6 7 <  ( I I I . 29)
-r.»o»3 < >p■*"[
-3.6+5-?* [P*P,+ <Jl Q,)1-  (PjQ.-Q.P,)1 J
Comparison w i th  eq n .  ( I I I . 23) f o r  an incommensurable  c a s e  shows t h a t  
c r o s s  t e rm s  have  e n t e r e d  f o r  t h e  commensurable c a s e .
We now w ish  t o  e x p r e s s  t h i s  normal form i n  te rm s  o f  a n g l e -  
a c t i o n  v a r i a b l e s .  I f  t h e  t r a n a f o r m a t i o n  eqns .  ( 1 1 1 . 2 b ) a r e  a p p l i e d  t o  
t h i s  normal fo rm,  n o t i n g  t h a t
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*  c o y  [ j^n-  (  u r . - w ; ) ] ( I I I . 30)
^ ^ , ' Q j P ,  -  J m  [ : n r  ( ^ L T -  U * , } ]  ( I I I . 31)
th e n  t h e  f o l l o w i n g  r e s u l t  1 b o b t a i n e d :
(111.32)
-  5\5flf3 a io4* (  
t  4 . 1447 * JO* (  J ^ l )
- f . j e r 3 * l ® + (  ± ) X
- 3 . 6 + S - 9 * i o + ( I 1 ^ )  < « [ 4 r ( t / 1. w . ) ]
I t  can be seen t h a t  w h i l e  t h e  u n p e r tu rb e d  terms depend only on the  J ' s ,  
t h e  h i g h e r  d e g re e  terms depend on th e  w’ b. There fore  eqns.  ITT.2h do 
n o t  r e s u l t  in  a t r a n s f o r m a t i o n  t o  a n g l e - a c t i o n  v a r i a b l e s .  However, the  
a d d i t i o n a l  c a n o n i c a l  t r a n s f o r m a t i o n  g iven  by
*£ ( T + J  ") w 4 -  (  • w ' t  v )
( I T I . 33)
i ^  f w - - v r )
w i l l  y i e l d  a  form which i s  c y c l i c  i n  w ( i . e ,  v  does not a p p ea r ) .  I t  
f o l l o w s  t h a t  t h e  c a n o n i c a l l y  c o n ju g a t e  momentum J  la  c o n s ta n t .  This 
t w o - s t e p  p r o c e s s  can be c a r r i e d  o u t  in  one s tep  us ing  the  canon ica l  
t r a n s f o r m a t i o n
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p *  - j -  ^ cc?5 [ j T T  (  d jT  +■ w ' >  j
V J7T
Q . e
f  T * J '  
v  X t r
s i n £ j r  (  v r  + t X )  J
£  , =
\ ~ l r -
v J  r - c o ;
£ a i r  (  w  -  i * r  '  j  J
Q r j n r ~*  J t t
S i n  ][ * v  (  * u r -  i * r ' )  ]
( I I I .  3*ia)
( I I I .  3^b)
( I I I .  3*tc)
( I I I . 3 t d )
I t  w i l l  be found t h a t  a l l  o r d e r s  o f  t h e  normal  fo rm  w i l l  be c y c l i c  in  
t h e  v a r i a b l e  w . The c o m p le te  r e s u l t , t h r o u g h  d e g r e e  8 t e rm s  f o r  t h e  
c a s e  which we t r e a t e d  i s  shown I n  e q n .  ( 1 1 1 . 3 5 )
W  J "
r  ~  J tt  ( I I I . 3 5 a )
-  J *  j ~ \  9 , / / * £  A / p  ^  j / *
V 1 ~
r - / °  - *
'  f J V '  ) ( * r w 0
( j Y  -  J 3 )  C * S  (  v r ' )
( I I I . 3 5 b )
+ t t 3 9 K t i f  f  t ' 3
( I I I - 3 5 c )
- 3 , 50 * i *4 ^3 j f. j j f K J G *
ir* J  ~ l r *  J  J
+  + 7 *  i * 7  _ /, i ? »  x / # r  T , J
rwhere
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I  1 J ' * ) *  CoS (  I t  TTIT*
- + .
^ ^ V y ^ ( f r u r ' )
~ a  . a t  x*J7 '4- ^ „  , ,
— - i r -  j  CCS (  T t ' u T  )
^  ‘^ ~ 7 (  j V -  I T * )  c o s  (  g i r - u ' )
7T*- v '  ' ( i r i . 35d)
-  <K4 XN»
- j r *
+ t. 7 7  x u 7  /
i r * '  ■/ ^
_  /. * ?  * /tf" * -a * 1 
7T*-~ T  ^
-  2 .91 v f  7 T J f l  
ir+ 
+  t . c $ A / i f
n)
c o r r e s p o n d s  t o  t e rm s  o f  d e g re e  9 i n  (P,Q) e t c .
We can  show t h a t  J  i s  on a c t i o n  v a r i a b l e  by n o t i n g  t h a t
( r n . 36)
where  t h e  phase  i n t e g r a l  i s  e v a l u a t e d  o v e r  a  p a t h  in  (f t ,P) -  space
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g e n e r a t e d  by l e t t i n g  v  I n c r e a s e  by u n i t y  ( b r i n g i n g  Q,P through one cycle ) 
w h i le  h o l d i n g  (J 1 , w ' ) f i x e d .  Th is  f o l l o w s  by  o b s e r v i n g  t h a t
d Q j  =  c a *  [ a i r  ( ' •■ '■+v ' j J  ( j i r d - w )
r    •, , . ( I H . 3 T )
d  Q ( -  J  cos (  i - r -  w j  J ( *nr d  +*rj
and by r e p l a c i n g  P , by e x p r e s s i o n s  g i v e n  i n  eqn .  I I I , 3l ja ,c ,
However,  J r i s  no t  an a c t i o n  v a r i a b l e ,  s i n c e  u ’ appea rs  in  the
H a m i l t o n i a n . We t h e r e f o r e  see  t h a t  f o r  t h e  commensurable case  we have
not  been  a b le  t o  c o n v e r t  t h e  normal form a n a l y t i c a l l y  i n t o  a n g l e - a c t i o n
v a r i a b l e s .  N e v e r t h e l e s s  we have  made an im p o r ta n t  accomplishment by
t r a n s f o r m i n g  one  p a i r  o f  t h e  v a r i a b l e s  i n t o  a n g l e - a c t i o n  form. In  so
d o i n g ,  we have  e f f e c t i v e l y  re d u c ed  H  t o  a  s i n g l e  degree  o f  freedom,
s i n c e  t h e  a c t i o n  J  can be r e g a r d e d  a s  a  f i x e d  p a r a m e te r .  This  w i l l
a l lo w  u b  t o  q u a n t i z e  J  d i r e c t l y ,  and s a t i s f y  t h e  o t h e r  q u a n t i s a t i o n
c o n d i t i o n  by n u m e r i c a l l y  q u a n t i z i n g  a o n e -d im e n s io n a l  phase i n t e g r a l .
The re  I s  one  a d d i t i o n a l  n o te  i n  r e g a r d  t o  g e n e r a t i n g  th e
norm al  form. A l though  t h e  method i s  s t r a i g h t f o r w a r d  in  p r i n c i p l e ,  even
f o r  a  r e l a t i v e l y  s im p le  H am i l to n ian  t h e  a l g e b r a i c  m a n ip u la t i o n s  involved
can r a p i d l y  g e t  o u t  o f  hand.  (F or  exam ple ,  expanded th rough 8 d eg ree ,
t h e  many h i g h e r  o r d e r  te rm s  o f  t h e  H a m i l to n ia n  g e n e r a t e d  while  c o n s t r u c t i n g
t h e  normal  form l e a d  t o  i n t e r m e d i a t e  forms f o r  t h e  Hamil ton ian  co n ta in in g
a l m o s t  f i v e  hundred  t e r m s . ) We found i t  most c o n v en ie n t  to  c a r r y  ou t
25t h e  s eq u en ce  o f  c a n o n i c a l  t r a n s f o r m a t i o n s  u s i n g  MAC5YMA, a  computer
Bit
language  t h a t  p e r m i t s  a n a l y t i c a l  c a l c u l a t i o n s .  The c a l c u l a t i o n  o f  t h e  
normal form f o r  t h e  incommensurable  c a s e  r e q u i r e d  l e a s  t h a n  it m in u te s  
CPU time on a POP 10 when done u s ing  s i n g l e  p r e c i s i o n ,  and 2k m in u te s  
CPU time when done u s i n g  e x ten d e d  p r e c i s i o n .  C a l c u l a t i o n s  f o r  t h e  
commensurable case  t o o k  s l i g h t l y  more CPU t i m e ,
In t h i s  c h a p t e r  we have d e f i n e d  B i r k h o f f ’ s no rm a l  fo rm ,  shown 
how i t  i s  g e n e r a t e d ,  and d e m o n s t r a t e d  t h a t  i t  can be u s ed  t o  e x p r e s s  
t h e  c l a s s i c a l  mot ion  i n  te rms  o f  a n g l e - a c t i o n  v a r i a b l e s .  T h i s  p r o c e s s  
com ple tes  t h e  f i r s t  ( an d  more d i f f i c u l t )  s t e p  i n  t h e  serai c l a s s i c a l  
q u a n t i z a t i o n  p r e s c r i p t i o n .  The nex t  c h a p t e r  shows t h e  r e s u l t s  which 
we have o b t a i n e d  by q u a n t i z i n g  th e  a n g l e - a c t i o n  form o f  B i r k h o f f Ta 
normal form.
IV, QUANTIZING THE NORMAL FORM
In  t h i s  c h a p t e r  we w i l l  show t h e  r e s u l t s  o b t a i n e d  by q u a n t i z i n g  
B I r K h o f f ' s  normal form. T h i s  method o f  s e m i c l a s s i c a l  q u a n t i z a t i o n  p r o ­
v i d e s  t h e  energy  spec t rum  i n  t h e  form o f  a power s e r i e s  i n  t h e  quantum 
numbers.
Q u a n t i z i n g  t h e  incommensurable  c a s e  i s  most s t r a i g h t f o r w a r d .
S i n c e  t h e  normal form can b e  e x p r e s s e d  e n t i r e l y  i n  t e rm s  o f  a c t i o n  
v a r i a b l e s t we mere ly  have t o  r e p l a c e  t h o s e  a c t i o n  v a r i a b l e s  by an ap ­
p r o p r i a t e  m u l t i p l e  o f  h ( h a l f -  o r  f u l l - i n t e g r a l  q u a n t i z a t i o n ) .  The 
r e s u l t  w i l l  be a power s e r i e s  i n  t h e  quantum numbers which p r o v i d e s  an 
e n e rg y  v a lu e  f o r  a l l  quantum l e v e l s .
The commensurable c a s e  I s  much l e a s  s t r a i g h t f o r w a r d  t o  q u a n t i z e .  
S i n c e  we h ave  been  a b l e  t o  e x p re s s  t h e  norm al  form i n  t e rm s  o f  
one a c t i o n  v a r i a b l e ,  we can a g a i n  q u a n t i z e  t h a t  a c t i o n  v a r i a b l e  by r e ­
p l a c i n g  i t  by  t h e  a p p r o p r i a t e  m u l t i p l e  o f  h .  As w i l l  b e  d i s c u s s e d  s h o r t l y ,  
t h e  second quantum c o n d i t i o n  i s  p r o v i d e d  by  n u m e r i c a l l y  e v a l u a t i n g  and 
q u a n t i z i n g  a  phase  i n t e g r a l .
Again  i t  shou ld  b e  bo rne  In mind t h a t  we a r e  i g n o r i n g  t h e  f u l l  
co m p le x i ty  o f  c l a s s i c a l  motion ( i . e .  t h e  h,e r g o d i c ,f t r a j e c t o r i e s  embedded 
among t h e  q u a s i p e r l o d i c  t r a j e c t o r i e s ) .  N u m e r i c a l l y  s p e a k i n g ,  we a r e  
i g n o r i n g  t h e  f a c t  t h a t  t h e  normal form does  n o t  c o n v e r g e .  N e v e r t h e l e s s ,  
by  t r u n c a t i n g  t h e  normal fo rm,  we a r e  a b l e  t o  o b t a i n  r e m a r k a b l e  a g r e e ­
ment with  quantum m e ch a n ic s ,  as t h i s  c h a p t e r  w i l l  show.
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A, The Incommensurable  Case
Now t h a t  we have o b t a i n e d  t h e  normal form, and  can e x p r e s s  i t  
i n  t e rm s  o f  a c t i o n  v a r i a b l e s ,  q u a n t i z a t i o n  i s  s t r a i g h t f o r w a r d  f o r  t h e  i n ­
commensurable  c a s e .  We m ere ly  have  t o  make th e  f o l l o w i n g  r e p la c e m e n t :
g  — *  < * v * n
where  n fc i a  an i n t e g e r ,  and  i a  r e f e r r e d  t o  as t h e  quantum number.
N o t i c e  t h a t  h a l f - i n t e g r a l  q u a n t i z a t i o n  has  been  chosen h e r e .  
R e f e r e n c e  t o  e q n s .  I I I . 2 h a , b  shows t h a t  J  i s  g iven  byJ\
$ ^ < 5 *  ( I V - 2 )
(no sum)
where  t h e  phase  i n t e g r a l  i s  e v a l u a t e d  o v e r  a  p a th  g e n e r a t e d  by a l l o w i n g
t h e  a n g l e  v a r i a b l e  t o  i n c r e a s e  by u n i t y  ( b r i n g i n g  th r o u g h  one
c y c l e )  w h i le  h o l d i n g  w^, (k* i  k )  c o n s t a n t .  In ( Q ,P } - s p a c e ,  t h e  r e ­
s u l t a n t  p a th  w i l l  have two t u r n i n g  p o i n t s  ( z e r o 3 o f  P^,  and and
P^f ( k 1 f  k} may v a r y ,  b u t  must  r e t u r n  t o  t h e i r  o r i g i n a l  v a lu es  w i t h o u t  
p a s s i n g  th ro u g h  a  f u l l  c y c l e  ( o t h e r w i s e  w , would have i n c r e a s e d  byA
u n i t y ) .  H a l f - I n t e g r a l  q u a n t i z a t i o n  t h e r e f o r e  fo l l o w s .  Also  in  t h e  
u n p e r t u r b e d  l i m i t ,  t h e  normal  form s im ply  d e s c r i b e s  two uncoup led  h a r ­
monic o s c i l l a t o r s ,  f o r  which h a l f —i n t e g r a l  q u a n t i z a t i o n  i s  c o r r e c t .
The q u a n t i z a t i o n  f o r  t h e  p e r t u r b e d  c a s e  t h e r e f o r e  r e d u c e s  unchanged to
t h e  c o r r e c t  q u a n t i z a t i o n  in  t h e  u n p e r t u r b e d  l i m i t .
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I  w i l l  now s p e c i a l i z e  t o  t h e  case  which we t r e a t e d .  F o r  t h e  
H a m i l to n ia n  ( I I I .  5 ) ,  w i th  p a ram ete rs
UJr -  I 3  \  -  -  o. \
Uit -  0 7  ' I '
t h e  q u a n t i z e d  normal  form i s  (up to  harmonic  o s c i l l a t o r  t e rm s  o f  d e g r e e  6 ) ,
P  ( ( n 1 + | ) h ,  ( n ? + | ) r f ]  = 1 , 3Cna + + <K7{n? + | 0( p  ♦ 0 .7 (
.0015 6105 ( » 2
.0 1 0 2 3323 f " l
.0056 0199 (n L
.0 0 0 0 1092 i n 2
.0 0 0 1 7719 i n l
.0 0 0 2 7327 (nl
. 0 0 0 0 3625 Cnl
.0 0 0 0 0013 ( » 2
.0 0 0 0 0529 Cnl
. 0 0 0 0 1103 S
. 0 0 0 0 1071 Cnl
.0000 0229 (n l
2 !
- ) ( n ? + - )
h 22
i } 3
2
^ ) ( n 2 +
h 3 
2*
1 , 2 ,  , 1 , 2  
3 ) ( d 2 + j )
2 * ' ^ n2 + 2 *
2 ( I V . 3)
where *fi = 1 he re ,
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Table I V . 1 compares t h e  e n e rg y  l e v e l s  p r e d i c t e d  by o u r  method 
a g a in s t  quantum m echan ica l  v a lu es  c a l c u l a t e d  w i th  a  30 x 30 (900 f u n c t i o n )  
harmonic o s c i l l a t o r  b a s i s  s e t .  Two p e r c e n t a g e  e r r o r s  a r e  l i s t e d .  The 
f i r s t ,  A  E , , i s  t h e  p e r c e n t  e r r o r  o f  t h e  c o r r e c t i o n  t o  t h e  u n p e r t u r b e d
S nf "  E ------------------energy  ( i . e .  A  E = -= “ — 5“®^). T h i s  e r r o r  p a r a m e te r  i s  a  u s e f u l
0 ~ QM
measure o f  t h e  improvement t h a t  a s e m i c l a s s l e a l  c a l c u l a t i o n  g i v e s  o v e r  a
z e r o th  o r d e r  a p p ro x im a t io n  which t r e a t s  t h e  system as  a  s e t  o f  uncoup led
harmonic o s c i l l a t o r s .  The second ,  A  E , , i s  t h e  p e r c e n t  e r r o r  o f  t h e
E0  E
energy va lue  ( A  E . = — ^ -------^ ) , Ab shown, A E n i s  l e a s  th a n  2%
ftt,s e qm r e l
th rough l e v e l  li2 , and l e s s  th a n  abou t  1% o v e r  t h e  e n t i r e  sp e c t ru m ,  A Ea^ 3
i s  Icbb th a n  abou t  . 0 8 £ th ro u g h  l e v e l  1*2 , and l e s s  t h a n  a b o u t  . 5? o v e r
th e  e n t i r e  spectrum.
I t  w i l l  b e  seen  t h a t  t h e  a b s o l u t e  e r r o r  o f  t h e  semi c l a s s i c a l
v a lu e  i a  comparable  t o  t h e  s p a c in g  be tween  l e v e l s  f o r  s t a t e s  neajr t h e
escape  energy  (E = 1 1 . 5 ) .  For t h i s  r e a s o n ,  t h e  c o r r e sp o n d e n c e  be tw een  esc
s e m i c l a s s l e a l  energy  v a l u e s  and quantum m e c h a n ic a l  v a lu e s  i s  u n c e r t a i n  
f o r  some o f  th e  h i g h e r  e n e rg y  l e v e l s .  S t a t e s  have  been  matched i n  o r d e r  
o f  a scend ing  energy  In  t h e  t a b l e .
39
T a b le  IV .1.  Energy L e v e ls  f o r  an Incommensurable  Case ,
*0  N1 EBQBF QH E0  r e l  AEa b s
0*
.004*
0*
0%
- . 0 0 3 %
.003%
.003*
0*
, 0 0 5 *
.005*
05S
.004*
. 0 0 8 *
. 0 0 8 *
. 0 0 2 *
.007*
.013*
.014*
.007*
1 0 0 ■ 9955 .99  55 1 . 0 0 0 0 o*
2 0 1 1 . 6 8 7 0 1 .6 8 7 0 1 .7 0*
3 1 0 2 .2782 2 .2781 2 .3 .5*
4 0 2 2 .3750 2 .3 7 5 0 2 ,4 0 *
5 1 1 2.958!+ 2.9501+ 3 .0 0 *
6 0 3 3.0595 3 .0596 3.1 - . 2*
7 2 0 3.51+CO 3.51+79 3-6 . 2%
8 1 2 3 .6348 3.63J+T 3 .7 .2%
9 0 4 3.71*01* 3 , 7 I+0 I) 3 .8 0*
10 2 1 14.2161* 4 .2 1 6 2 4 .3 , 2 *
11 1 3 1+. 30T1 4 .3 0 6 9 4 .4 .2%
12 0 5 4 .4176 4 .4 1 7 6 4 .5 0%
13 3 0 4 .8045 4 .0 0 4 3 4 .9 .2%
14 2 2 4. 8803 4 .0 7 9 9 5 .0 .3%
15 1 4 1+ >9753 4 .9 7 4 9 5 .1 .3 *
16 0 6 5.0910 5 . 0 9 0 9 5 . 2 .1%
17 3 1 5 . 1+601 5 .4597 5 .6 .3*
18 2 3 5*5397 5.5390 5 .7 .4*
19 1 5 5 .6393 5.6385 5 .0 . 5?
20 0 7 5 .7605 5 .7601 5-9 .3 *
n No ■i ebgnf eqm Eo A£ . r e l
AEaba
21 It 0 fi.ol.fi8 6 . 0 U63 6 . 2 .3)5 , 0 0 8 *
22 3 2 6 * 1 1 0 8 6 .1 0 9 9 6 . 3 • 5% .015*
23 2 k 6 . 1 9 M* 6.1 9 3 1 6 . It .6% . 0 2 1 *
2k 1 6 6 , 2 9 8 9 6 .2 9 7 5 6 .5 .1% . 0 2 2 *
25 0 8 6,*1260 6*1#253 6 . 6 . 0 1 2 *
26 >) 1 6 .6889 6 .6 8 7 8 6*9 .5% , 0 1 6 *
21 3 3 6.7561# 6 .7 5 ^ 6 7 . 0 . 1% .027*
2 a 2 5 6 .81*14 3 6 . 8 U19 7 .1
w04 .035*
29 1 7 6.951*0 6 .9515 7 . 2 1,0% . 0 3 6 *
30 0 9 7.0&73 7 . 0 8 6 1 7 .3 .6% ,017*
31 5 0 7.27U2 7.2730 7 . 5 .5% .017*
32 it 2 7 .3255 7.323*t 7 .6 .7 % .029*
33 3 it 7 .3967 7 .3 9 3 5 7-7 1 . 0% .0U3*
3i* 2 6 7 .^891 7.1*650 7 . 8 1.3% .055*
35 1 A 7*601# It 7*6003 7 . 9 1.6% ,05*#*
36 0 10 7 . 7 ^ 5 7.7U23 8 . 0 .7% . 0 2 8 *
37 5 1 7.9019 7 .8996 8 . 2 .3% .029*
30 I# 3 7.956U 7.952*# 8 . 3 1 , 2 % .050*
39 3 5 0*0315 8 .0259 6 . 1* 1.5% .070*
Uo 2 7 8 . 1 2 8 8 8 . 1 2 2 0 8 .5 1.8)5 . 0 8 1 *
1*1 1 9 8 .2500 8 .2*# 35 8 . 6 1 . 8 * .079*
U 2 0 11 0.3973 6  > 3939 6 . 7 1 . 1* . 01*1 *
n % ■1 ebgnf EQM Eo r e l
AEabB
13 6 0 8.1856 8.1835 6 . 8 .7* . 0 6 2 %
11 5 2 8.5235 8.5190 0 .9 1 . 2% .053%
*+5 it I* 8.5811 8.5713 9 . 0 1,7% .003%
us 3 6 8.6607 8 , 6 5 1 3 9 .1 2 . 1 % .109%
1? 2 8 8 . 1632 8,7521 9-2 2 . 1 % .123%
18 1 10 8 . 6906 0.0805 9-3 2,5% , 1 1 6%
h9 0 12 9.0156 9.0103 9 .1 1.5% .059%
50 6 1 9 . 0982 9.0931 9 .5 1 . 2 % .053%
51 5 3 9-13ST 9.1305 9 . 6 1.7% ,090%
52 it 5 9 .2 0 0 1 9 . 1 8 8 2 9 .7 2.3% , 1 3 0 %
53 3 7 9 . 2 8 1 0 9.2609 9 . 8 2 . 8 % . 1 6 3 %
5** 2 9 9.3921 9-3752 9 . 9 3.2% . 1 8 0 %
55 1 11 9.5261 9 .5100 1 0 . 0 3.2% . 1 6 1 %
57 0 13 9.6891 9 . 6 8 1 2 1 0 . 1 2 . 0 % , 0 8 5 %
56 T 0 9 . 6 B08 9 . 6 7 6 2 1 0 . 1 1 . 0 % .018%
50 6 2 9.7038 9 , 6 9 1 8 1 0 . 2 1 . 8 % ,093%
59 5 It 9 . ? 1?2 9.7331 10 .3 2.5% ,115%
60 U 6 9.8125 9.7932 1 0 . 1 3.2% ,197%
61 3 8 9 . 9 0 1 2 9.0776 10 .5 3.8% . 2 1 %
62 2 10 10.0152 9.9895 1 0 . 6 1 . 2 % . 2 6 %
63 1 12 10.1568 10 ,1332 10 .7 1 , 1 % .23%
66 0 lit 10.3285 1 0 . 3 1 6 1 1 0 . 8 2 . 6 % . 1 2 0 %
n
% N1 ^BGNF E0 AE , r e l AE . aba
64 7 1 1 0 . 2 7 6 9 1 0 . 2 6 7 6 1 0 . B 1 .7* .091*
65 6 3 10 .3023 1 0 . 2 0 6 1 1 0 .9 2 , 6* .157*
67 5 5 10.31+89 1 0 .3253 1 1 . 0 3.5* .23*
68 h 7 1 0 . 1+183 1 0 ,3877 U . l 4 .3* .29*
69 3 9 10 .5121 10.1+T58 1 1 , 2 5.0* .35*
TO 2 11 1 0 . 6 3 2 6 1 0 .5937 11 .3 5.5* .37*
71 1 13 10 .7819 1 0 .7463 1 1 .4 5.4* .33*
76 0 15 10 .9627 1 0 . 91+39 1 1 .5 3.4* .172*
72 a 0 1 0 . 0 5 6 2 10.81+78 1 1 .4 1 .9* . 0 9 6 *
73 7 2 1 0 , 8 6 5 4 10,81+93 11-5 2 .5* .148*
7*+ 6 4 10 .8933 1 0 .8657 1 1 , 6 3.6* .25*
75 5 6 10.9434 1 0 .9053 1 1 .7 4 .8* .35*
77 4 a H . 0 1 7 2 1 0 . 9 7 0 0 1 1 . 8 5.7* .43*
78 3 10 1 1 . 1 1 6 6 1 1 . 0 6 1 2 1 1 ,9 6 . 6 * .50*
79 2 12 1 1 . 2439 1 1 . 1 8 5 6 1 2 , 0 7 ,2* .52*
80 1 11+ 1 1 . 1+011+ 11,31+81+ 1 2 . 1 7.1* .47*
05 0 16 1 1 .5 9 0 2 f 11.  5324 ** 1 2 . 2
01 0 1 11,1+369 1 1 .4129 1 2 , 1 3.5* . 2 1 *
82 7 3 11.1+460 11,1+158 1 2 . 2 3.9* , 2 6 *
83 6 5 H . l +767 1 1 .4325 1 2 ,3 5-1* ,39*
84 5 T 11.53Q5f 1 1 .4 7 0 3 12 .4
C a l c u l a t e d  u s i n g  p r e s e n t  method,
i rC a l c u l a t e d  b y  Don Noid,
Energy o f  uncoup led  system
AE
r e l  Eo -  EUM
iE .  ebgnf ~ E9M
abs V
Exceeds e sc a p e  energy  E = 1 1 . 5eae
B. The Commensurable Case
For t h e  commensurable c a a e T we shoved in  t h e  l a a t  c h a p t e r  t h a t  
t h e  normal form can he w r i t t e n  in  terms o f  one a c t i o n  v a r i a b l e  ( J )  and a
c a n o n i c a l l y  c o n ju g a t e  momentum and c o o r d i n a t e  ( J T, V ' ) ,  T h e re fo re  i n  o r d e r  
t o  q u a n t i z e  t h e  normal form given i n  eq n  I I I . 35 l e t  u s  beg in  by q u a n t i s i n g  
J .  As eqn. 111.36 s t a t e s
where t h e  p a t h  c la  d e f in e d  by l e t t i n g  t h e  ang le  v a r i a b l e  w i n c r e a s e  by
u n i t y ,  h o ld in g  v 1 f i x e d ,  i n  t h i s  c a s e  t h e r e  appears  t o  be no o b v io u s
argument t e l l i n g  how many c a u s t i c s  such an i n t e g r a t i o n  pa th  w i l l  t o u c h .
We t h e r e f o r e  found i t  n e ce s ea ry  to  o b t a i n  t h e  c o r r e c t  q u a n t i z a t i o n  by
c o n s i d e r i n g  a  s p e c i a l  c a s e ,  and n u m e r ic a l ly  g e n e r a t i n g  an i n t e g r a t i o n
p a th  u s i n g  eqns .  111.3^*. (T h is  i l l u s t r a t e s  a  problem w i th  methods which
do n o t  d i s p l a y  i n t e g r a t i o n  p a t h s ;  t h e  p ro p e r  q u a n t i z a t i o n  sometimeb can
be de te rm ined  on ly  by a c t u a l l y  coun t in g  t h e  number o f  c a u s t i c s  t o u c h e d
by t h e  i n t e g r a t i o n  p a t h . )  The commensurable case  which  ve s t u d i e d  i s
t h a t  d e s c r i b e d  by t h e  Hamil tonian  in  eqn, 111.29, R e c a l l  t h a t  t h i s  i s
lct h e  same commensurable case  s tu d ie d  by  Noid and Marcus.  S ince  t h e  
a rguments  which ve must use  t o  d e s c r i b e  our t r e a tm e n t  o f  t h i s  c a s e  a r e  
q u i t e  i n t r i c a t e ,  t h e  r e a d e r  w i l l  f in d  i t  h e l p f u l  t o  r e f e r  t o  t h e  d e s c r i p ­
t i o n  o f  t h i s  c a s e  which was p r e s e n te d  in  Chap, I I .
( I I I . 3 6 )
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As d i s c u s s e d  t h e r e ,  two c l a s s e s  o f  motion a r e  found -  r o t a t i o n s
and l i h r a t i o n a *  For bo th  c l a s s e s ,  fo r  t h e  h a l f -d o z e n  o r  ho p l o t s  we 
g e n e r a t e d  n u m e r i c a l l y ,  t h e  i n t e g r a t i o n  p a th  touched f o u r  c a u s t i c s .  
K e l l e r ’ s q u a n t i z a t i o n  p r e s c r i p t i o n  t h e r e f o r e  r e q u i r e s  f u l l  i n t e g r a l  
qu an t i  z a t i o n .
For an example o f  t h e  I n t e g r a t i o n  pa th  g e n e ra te d ,  see  F ig ,  I V . l a , b .  I t  
w i l l  be no ted  t h a t  in  t h e  unpe r tu rb ed  l i m i t ,  the  normal form a g a in  r e p ­
r e s e n t s  two uncoupled harmonic o s c i l l a t o r s  (with eq u a l  f r e q u e n c i e s  in 
t h i s  c a s e ) .  The c o r r e c t  q u a n t i z a t i o n  i s  h a l f - i n t e g r a l  f o r  each o s c i l ­
l a t o r ;  however,  because  t h e  f r eq u en c ie s  a re  e q u a l ,  t h e  q u a n t i z a t i o n  
fo r  each o s c i l l a t o r  can be d i r e c t l y  added,  y i e l d i n g  eqn. TV.ii. We 
t h e r e f o r e  f i n d  t h a t  t h e  q u a n t i z a t i o n  for  t h e  p e r tu r b e d  ca se  a g a in  r e ­
duces  unchanged t o  t h e  c o r r e c t  q u a n t i z a t i o n  in t h e  u n p e r tu rb e d  l i m i t .
5o f a r ,  ve  have o n ly  one quantum c o n d i t i o n ,  and we need a 
second .  We choose t o  q u a n t i z e  t h e  phase i n t e g r a l
where t h e  p a th  c 1 i s  d e f in e d  by a l low ing  v ’ to v a ry  over  one c y c l e ,  
h o l d i n g  w f i x e d .  In  o rd e r  t o  o b t a i n  t h e  c o r r e c t  q u a n t i z a t i o n ,  we must 
de te rm in e  how many c a u s t i c s  t h e  i n t e g r a t i o n  path t o u c h e s .
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P i g ,  I V . 1 ,  R o t a t i o n  T r a j e c t o r y
P a t h  A i s  g e n e r a t e d  by v a r y i n g  v ,  h o l d i n g  v t f i x e d  
P a t h  B l a  g e n e r a t e d  by v a r y i n g  v T , h o ld in g  w f i x e d
F i g .  I V , 2 ,  L i b r a t i o n  T r a j e c t o r y
P a th  A i s  g e n e r a t e d  by  v a r y i n g  w, h o l d i n g  v 1 f i x e d  
P a t h  B i s  g e n e r a t e d  by  v a r y i n g  w* , h o l d i n g  v  f i x e d
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In o r d e r  t o  do t h i s ,  we a g a i n  r e s o r t  t o  c o n s i d e r i n g  our  s p e c i a l  
c a s e ,  and use  eqns .  XII - 3U i n  o r d e r  t o  g e n e r a t e  an I n t e g r a t i o n  p a th  in  
(Q,P) -  space a s  wf v a r i e s .  The p r o c e s s  i s ,  however,  c o m p l ic a te d  by  th e  
f a c t  t h a t  J '  v a r i e s  w i t h  w ' .  In  o r d e r  t o  f i n d  t h e  dependence o f  J* on 
w* , we use  t h e  normal  form I I I . 35* I f  t h e  v a l u e  o f  P ( e n e rg y )  and J  
a r e  c h o se n ,  eq n .  I I I . 35 can h e  s o l v e d  f o r  J* a s  a  f u n c t i o n  o f  wr .
Care must be ta k en  a t  t h i s  p o i n t ,  N o t ic e  t h a t  i f  P were 
app ro x im a ted  by  i n c l u d i n g  t e rm s  o n ly  th r o u g h  P 1 t h e n  a c u b ic
e q u a t i o n  f o r  J T would  r e s u l t ;  i f  t e rm s  th r o u g h  P were i n c l u d e d ,  
th e n  a  q u a r t r l c  e q u a t i o n  would r e s u l t ,  and bo on.  We e x p e c t  t h a t  as  
more te rm s  o f  P* a r e  i n c l u d e d ,  J f w i l l  h e  e x p r e s s e d  more a c c u r a t e l y  as  
a f u n c t i o n  o f  v 1. But a l s o  an a d d i t i o n a l  r o o t  i s  i n t r o d u c e d  f o r  each 
a d d i t i o n a l  d e g r e e  we I n c l u d e  In  r Some r o o t s  w i l l  t h e r e f o r e  be 
n o n - p h y s i c a l .  In  o r d e r  t o  g e n e r a t e  our  i n t e g r a t i o n  p a t h  i n  ( Q ,F ) - s p a c e ,  
we must be a b l e  t o  s e l e c t  t h e  c o r r e c t  r o o t .  We a re  l o o k i n g  f o r  t h e  r o o t s  
whose v a lu e  we know a p p r o x i m a t e l y  when o n l y  low er  d e g re e  terms a r e  in c lu d e d  
i n  r , and whose a c c u r a c y  i n c r e a s e s  a s  w"e i n c l u d e  h i g h e r  deg ree  
te rm s  in  P
I t  was found by i n s p e c t i o n  t h a t  i f  t e rm s  th ro u g h  P  a r e
I n c l u d e d ,  t h e  r o o t s  t o  t h e  r e s u l t i n g  c u b ic  e q u a t i o n  f o r  J 1 , as a f u n c t i o n  
o f  v ' , have a s t r u c t u r e  such  a s  t h a t  shown In  F ig u r e s  I V . 3 and IV .4 
( w i t h  w ** 0 ) .
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Repeats with 
p e r io d  of l A
0 t
F i g .  IV. 3.  Roots  fo r  a  R o ta t i o n  Case
- 1
y%
F i g .  I V A ,  Roots f o r  a L i b r a t l o n  Case
Repeats  with 
p e r io d  o f  l A
0 I,
I t  c an  he s e e n  t h a t  f o r  some v a l u e s  o f  w( t h e r e  i s  on ly  one r e a l  root 
J 1 , v h i l e  f o r  o t h e r  v f t h e r e  a r e  3 r e a l  r o o t s  J f . (The r o o t  which i s  
shown as  a  wavy l i n e  in  t h e  d iagrams may a p p e a r  above or  below the  closed 
l o o p , )
I t  was f u r t h e r  found by i n v e s t i g a t i o n  t h a t  i f  te rms in
f 8 1t h r o u g h  a r e  i n c l u d e d ,  then  t h e  r o o t s  l y i n g  on th e  c losed  loops
o f  F i g s .  I V ,3 and IV A  o n ly  change s l i g h t l y .  The o t h e r  r o o t  may change 
c o n s i d e r a b l y ,  and a  f o u r t h  r o o t  I s  a l s o  in t r o d u c e d  s in ce  t h e  equation 
f o r  J 1 i s  now q u a r t i c .
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F i n a l l y *  when t r a j e c t o r i e s  i n  ( P , Q ) - s p a c e  were  g e n e r a t e d ,  and 
p o i n t s  on t h o s e  t r a j e c t o r i e s  were  t r a n s f o r m e d  I n t o  (J * , w ’ ) v a r i a b l e s ,  
t h e y  were a lways  found t o  l i e  on t h e  l o o p s  shown i n  F i g s .  IV .3  and  IV, U, 
T h e re fo re  I t  was c o n c lu d ed  t h a t  t h e y  were  t h e  p h y s i c a l l y  m ean in g fu l  r o o t s .  
The f a c t  t h a t  t h e  p o s i t i o n  o f  t h e  c l o s e d  lo o p  changed  o n l y  s l i g h t l y  when
_ , f Q \
r  te rms  were i n c l u d e d  was t a k e n  as  an i n d i c a t i o n  t h a t  t h e  s e r i e s
| had f a i r l y  good c o n v e r g e n c e .
One f i n a l  p o i n t  was o b s e r v e d :  f o r  t h e  h a l f - d o s e n  o r  so c a s e s
t e s t e d ,  r o t a t i o n  cases  a lways  t r a n s f o r m e d  o n to  a  lo o p  c e n t e r e d  on
v '  = 1 / 8  (F ig .  I V . 3)* w h i l e  l i b r a t i o n  c a s e s  a l w a y s  t r a n s f o r m e d  o n to  a 
lo o p  c e n te r e d  on w1 = 0 ( F I ^ .  IV .U ) .  T h e r e f o r e  i n t e g r a t i o n  p a t h s  i n  
(Q ,P ) -space  f o r  r o t a t i o n  c a s e s  were  g e n e r a t e d  by  v a r y i n g  w 1 ov e r  a  l o o p  
c e n te r e d  on w1 = 1 / 5 ,  w h i l e  p a t h s  f o r  l i b r a t i o n  c a s e s  w ere  g e n e r a t e d  by 
v a ry in g  w* o v e r  a lo o p  c e n t e r e d  on w 1 = 0 .
Having d e t e r m in e d  which r o o t  J '  was t h e  c o r r e c t  one  t o  c h o o s e ,  
we proceeded  t o  see  how many c a u s t i c s  were  t o u c h e d  by t h e  i n t e g r a t i o n  
pa th  f o r  t h e  p hase  i n t e g r a l  ( IV .  5) ,  i . e .  w' was v a r i e d  o v e r  a  c y c l e ,  t h e  
c o r r e s p o n d i n g  J 1 was c a l c u l a t e d  by c h o o s i n g  t h e  c o r r e c t  r o o t  o f  f "1 = E, 
and t h e  t r a n s f o r m a t i o n  e q u a t i o n s  ( I I I .  3^) were  u s e d  t o  g e n e r a t e  an i n t e ­
g r a t i o n  p a th .  T h i s  p a t h  i s  shown ( l a b e l e d  as  P a t h  B) l y i n g  on t o p  o f  a
t r a j e c t o r y  in  F ig s .  IV . 1 and  IV .2.
U sing  M ar cu s ' s  n o t a t i o n ,  we s e e  by r e f e r r i n g  t o  F i g s .  IV, 1 and 
IV. 2 t h a t  i n t e g r a t i n g  a ro u n d  a l o o p  c e n t e r e d  on = 1 /8  f o r  a r o t a t i o n
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c a s e  I s  t o p o l o g i c a l l y  e q u i v a l e n t  t o  c a l c u l a t i n g  an r - c y c l e  p h a se  i n t e g r a l .
=  ~  ( vV + *‘ ^  ( I V . 6 )
rtXftti**
I n t e g r a t i n g  a round  & loop c e n t e r e d  on v '  = 0  f o r  a l i b r a t i o n  c a s e  i s  
t o p o l o g i c a l l y  e q u i v a l e n t  t o  c a l c u l a t i n g  a  & - c y c l e  p h a se  i n t e g r a l
£ 7  d t /  -  <£py <ly -  J r X  t, (IV 7]
(where we have u sed  t h e  same q u a n t i z a t i o n  f o r  t h e  0  - c y c l e  p hase  i n ­
t e g r a l  a s  Marcus d i d ,  d e s p i t e  t h e  f a c t  t h a t  a p r o p e r  t r e a t m e n t  r e q u i r e s  
t h a t  t u n n e l i n g  be i n c lu d e d  -  as d i s c u s s e d  e a r l i e r ) .  N o t i c e  t h a t  i n  e f ­
f e c t  ? t h e  i n t e g r a t i o n  q u a n t i z e s  t h e  a r e a  o f  t h e  lo o p s  shown i n  F i g s ,  I V , 3- 
and rv. l t .
Table  I V .  2 .  E n e r^ 1 L e v e l s  f o r  a  Commensurable Case
nQM I n nr
y { * )
*■0
y t b )
QM
pCc } 
MM EU )BGNF AE( e >r e l
._£ r)
aba
1 0 0 0 1 . 0 .9986 .991+7 .991+7 -279# -.i+*
2 ,3 +1 1 0 2 . 0 1 .9901 1 .9863 1 . 9 0 6 2 * 39* -  , 2 *
1+ 0 2 1 3 .0 2 .9 5 6 2 2 , 9 5 0 6 2 .9 5 0 6 -  13* -  - 2%
5 ,6 +2 2 0 3.0 2 .9 8 5 3 2 . 9 8 1 5 2 , 9 8 m -  27* 0.13*
7 ,8 ±1 3 1 U, 0 3 .9260 3 .9233 3 . 9 2 2 6 -  5* - . 0 9 *
9
10 +3 3 0 It, 0
3.9021+ 
3*9858 3 .9803 3 . 9 8 0 1 -  25* - . 10*
11 0 1+ 2 5 ,0 i t , 0702 it. 0573 It. 8577 -  1 0 * - . 3 *
12 ,13 +2 it 1 5*0 it. 8907 U. 9 8 5 !+ 3+ . 89 51+ -  3* - . 0 7 *
l i t , 15 it 0 5*0 it. 9863 it. 9821 3+.9&21 -  31* - , 0 0 *
1 6 , 1 7 +1 5 2 6 , 0 5 .8 1 7 0 5 . 8 1 6
lfl
19 +3 5 1
6 , 0 5 .8670
5 .8815 5*8713 5 .8711
-  2% - .0 5 *
2 0 , 2 1 +5 5 0 6 , 0 5-9913 5 .9869 5.9871 -  1+8 * - .0 7 *
22 0 6 3 7*0 6 .7379 6 .7078 6 .7 0 9 8 -  1 1 * - . 1+*
23,2li +2 6 2 7 , 0 6.761+9 6 .7709 6 . 7 6 6 8 1* +. 03*
2 5 , 2 6 +1+ 6 1 7 , 0 6.8351* 6 . 8 5 0 0 6.01+92 0 * + . 2%
27
28 +6 6 0 T , 0
6 .9989
6.9991+ 6.9958 6.9951
- 1+8 2 * - . 0 5 *
29 ,30 +1 7 3 0 . 0 7 .6595 7 .655
31
32 7 2 8 . 0
7 .6977
7 .7369 7 .7178 7.7181+ m *
, 01*
33,31+ +5 7 1 8 . 0 7 .8327 7 .8289 7 .8 2 9 3 - 2% - . 01+*
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nQM t n nr Eo eqm en&m ebgnf a e  ,r e l
AE t  aba
35 ,36 17 7 0 8 , 0 a. 0 0 9 *+ 8.005*+ 8 . 0 0 5 8 38* - , 0*+*
37 0 a k 9.0 3 . 55*11 8.1+919 a . 5003 -  12* - .6%
36 ,39 +3 a 3 9.0 8.5T6U
fco,i+i +u 8 2 9.0 6.6779 8.6717 -  2* - . 0 1 %
i+2
1+3
+6 8 I 9-0 6 , 8 1 1 30.8152 8 , 8001+ a . 8112 -  1* - .02*
1+1+ ,1+5 +8 8 0 9.0 9.0217 9.0151 9 . 0 1 9 2 12* - .03*
1+6,>+7 +1 9 1+ 10 9.1+J+J+
1+8
1+9 +3 9 3 10 9.U679-552
50,51 +5 9 2 10 9.629 9 . 6 2 6 -  .8* - .03 *
5 2 ,5 3 ±7 9 1 10 9 .1 9 b 9.79** 0$ 0*
5b
55 ±9 9 0 10 10.03510.036 10.035 l% - .005*
56 0 10 5 11 10.305 10,221 -  12% -r> ■ 8%
57,58 +2 10 b 11 10.316
5 9 ,6 0 +it 10 3 11 10,1+63 10.1+55 - 1% -.08%
61
62 10 2 11 10.57310.590 10.501 -  .1* - . 00 5 *
6 3 ,6*i +6 10 1 11 10,77*+ 10.779 2% . 0 5 *
6 5 ,66 +10 10 0 11 11.050 11.053 -  G% . 0 3 *
6 7 , 6 8 +1 11 5 12 11.152
69
TO +3 11
h 12 1 1 .1 6 011,325
7 1 ,7 3 +5 11 3 12 11.383 11.303 0* 0 *
7 3 ,7 t 17 11 2 12 11.53*+ 11,536 ,b% .0255
I0*t
nQM t n n r Eo en*m EBGN7 AE . r e l AE . aba
75
75 t ? 11 1 12
11 .750
11 .752 11.76U 5# . l l #
7 8 ,79 +11 11 0 12 1 1 . 9 6 8 12.07*1 331# .9#
77 0 12 6 13 1 1 . 9 6 6 l i . a e i t -  10# - .9 #
8 0 , 0 1 +2 12 5 13 12 .065
82,03 12 U 13 1 2 . 2 0 6
8*t
85 12 3 13
12 .277 
12. 33*» 1 2 . 3 1 0 .6# .0*t#
86,87 +B 12 2 13 12. It00 1 2 . 4 9 1 2% .09#
88,69 +10 12 1 13 12 .71? 1 2 . 7 5 0 13# .3#
97 +12
12 0 13 13.07713.007 1 3 . 0 9 7 -  10# .1#
91 ,92 +1 13 6 l h 12 .762
90
93 +3 13 5
lit 1 2 . 7 U813 .032
95,96 ±5 13 l* lit 13.001
9 6 ,99 17 13 3 lit 13 .233
a )  Energy o f  uncoup led  system.
b) C a l c u l a t e d  by Don N o ld . l f
c )  R es u l t s  o f  l c ,
n  f 0)d) C a l c u l a t e d  u s in g  p r e s e n t  method i n c l u d i n g  t e r n s  th r o u g h  i  ^ *
,  _  ^BGNF "  EQH
e)  r e l  * ~ E0 QH
f )  «  ,  ^  ~ V
*bB E9M
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Let us now summarize t h e  r e s u l t s  which we have found b o  f a r  f o r  
t h e  commensurable  c a s e .  We have  shown t h a t  t h e  p h y s i c a l l y  m ean ing fu l  
I n t e g r a t i o n  p a t h s  i n  (<1* ,wf ) - s p a c e  a r e  t h e  lo o p s  shown In  F i g s .  IV. 3 and
IV.li.  Loops c e n t e r e d  on w* = 1 /8  map o n t o  r o t a t i o n  c a s e s  i n  ( Q , P ) - s p a c e ,  
and  l o o p s  c e n t e r e d  on w1 = 0  map o n to  l i b r a t i o n  c a s e s .  We have p l o t t e d  
t h e  i n t e g r a t i o n  p a t h s  i n  ( Q ,F ) - s p a c e  which  a r e  g e n e r a t e d  by t h e  c lo se d  
loop  p a t h s  i n  ( J ' , v ' ) - s p a c e .  F i n a l l y ,  we have u sed  t h i s  i n f o r m a t i o n  to  
d e t e r m in e  an a p p r o p r i a t e  fo rm ula  f o r  q u a n t i z i n g  t h e  a r e a  o f  t h e  c lo se d  
l o o p s .
V i t h  t h i s  p r e p a r a t i o n ,  t h e  q u a n t i z a t i o n  p r o c e s s  i s  r e l a t i v e l y  
s t r a i g h t f o r w a r d .  Eneriar l e v e l s  must b e  g e n e r a t e d  one a t  a t im e  by  numeri­
c a l l y  q u a n t i z i n g  t h e  p hase  i n t e g r a l  g i v e n  i n  eqn. I V . 5. The p r o c e s s  1 b  
s i m i l a r  t o  t h a t  used by E a s t e a , Noid ,  and  Marcus (Chap.  I I ) ,  e x c e p t  i t  
I s  g r e a t l y  s i m p l i f i e d  b e c a u s e  we have t o  s a t i s f y  o n l y  one quantum co n d i ­
t i o n  n u m e r i c a l l y .  The o t h e r  i s  s a t i s f i e d  a n a l y t i c a l l y  by q u a n t i z i n g  t h e  
a c t i o n  v a r i a b l e  J .  A l s o ,  th e y  had t o  n u m e r i c a l l y  i n t e g r a t e  t h e  t r a j e c ­
t o r y  i n  o r d e r  t o  g e n e r a t e  two in d e p e n d e n t  c u r v i l i n e a r  s u r f a c e s  o f  s e c t i o n  
which p r o v i d e d  i n t e g r a t i o n  p a th s  f o r  t h e  e v a l u a t i o n  o f  two p h a se  i n t e ­
g r a l s .  We e l i m i n a t e  t h e  need  t o  g e n e r a t e  a t r a j e c t o r y ,  and we o b t a i n  an 
i n t e g r a t i o n  p a t h  f o r  t h e  phase  i n t e g r a l  by  I n v e r t i n g  th e  e q u a t i o n  f o r  t h e  
normal  fo rm,  y i e l d i n g  J f as  a f u n c t i o n  o f  w ' ,  J ,  and E,
The e n e r g y  l e v e l s  were g e n e r a t e d  u s i n g  a program w r i t t e n  in  APL, 
The s t e p s  i n v o l v e d  in  c a l c u l a t i n g  one ener ja r  l e v e l  a r e :
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1) s e t  J  by s e l e c t i n g  a  v a l u e  f o r  t h e  quantum number n i n  eq n .  IV . b ,
2 ) guesa  a v a lu e  f o r  t h e  energy  E ( t h e  enerfgr o f  t h e  u n p e r t u r b e d  
l e v e l  I s  a good f i r s t  g u e s s ) y
3) c a l c u l a t e  t h e  p h a se  i n t e g r a l  shown in  eqn.  I V . 5 n u m e r i c a l l y  
u s in g  v a l u e s  f o r  J 1 p r o v i d e d  by i n v e r t i n g  t h e  e q u a t i o n  f o r  P* ,
U) i t e r a t e  s t e p s  2 ) t h r o u g h  1+) u n t i l  t h e  v a lu e  o f  t h e  phase  i n t e ­
g r a l  has  converged  w i th  s u f f i c i e n t  p r e c i s i o n  t o  t h e  d e s i r e d  v a l u e .
The s u c c e s s i v e  g u esse s  f o r  e n e r g y  a re  made u s in g  a l i n e a r  e x t r a p o l a t o r ,
Two p a s s e s  must  be made i n i t i a l l y  i n  o r d e r  t o  e x t r a p o l a t e .  The p r o c e s s e s  
converged  f a i r l y  r a p i d l y  f o r  t h e  l e v e l s  ve  c a l c u l a t e d ;  a t o t a l  o f  f i v e  
to  s i x  p a s s e s  v e r e  r e q u i r e d  f o r  c o n v e rg en c e .
Tab le  I V , 2 l i s t s  t h e  l e v e l s  c a l c u l a t e d  u s in g  t h i s  method f o r  t h e
commensurable case  w i th  H a m i l to n i a n  1 1 1 .26 (normal form ( 1 1 1 . 3 5 ) ) .
l c  l c  I fComparison i s  made w i th  s e m i c l a s s i c & l  and quantum ' l e v e l s  o f  Noid
and Marcus. The p e r c e n t a g e  e r r o r  & E ^ In  t h e  c o r r e c t i o n  to  t h e  un­
p e r t u r b e d  e n e rg y  i s  in g e n e r a l  somewhat h ig h e r  than  i t  was fo r  t h e  p r e ­
v i o u s  incommensurable c a s e ,  and  f o r  c e r t a i n  l e v e l s  i t  i s  very  l a r g e .  
However, as  I n d i c a t e d  by t h e  p e r c e n t a g e  e r r o r  & E , t h e  a b s o l u t e  e r r o r  
o f  t h e s e  l e v e l s  i s  no worse  on t h e  a v e r a g e  than  t h a t  o f  o t h e r  l e v e l s  
l i s t e d .  Comparison w i t h  t h e  r e s u l t s  f o r  t h e  p re v io u s  incommensurable  
case  shows t h a t  A r o u g h l y  t h e  same In  b o th  c a s e s  f o r  t h e  h i g h e r
energy l e v e l s ,  b u t  t h a t  A E v i s  much lower i n  t h e  incommensurableabe
case  f o r  t h e  lower  energy  l e v e l s .
We a l s o  see  i n  t a b l e  XV. 2 t h a t  t h e  p r e s e n t  s e m i c l a a s t c a l  method 
has succeeded  in  a c c u r a t e l y  p r e d i c t i n g  many energy  l e v e l s  w e l l  beyond
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t h e  energy o f  t r a n s i t i o n  t o  p re d o m in a n t ly  i r r e g u l a r  b e h a v i o r  (E 9 ) .t  i B71Q
These r e s u l t s  a r e  r e l e v a n t  t o  P e r c i v a l ’ s s p e c u l a t i o n s  on t h e  e x i s t e n c e  
on an i r r e g u l a r  spectrum. F i r s t ,  ve  3ee t h a t  o f  t h e  29 l e v e l s  w i th  
e n e r g i e s  between th e  t r a n s i t i o n  energy ( -* 9 .0 )  and e s c a p e  energy  {13 .33)  
17 a r e  c a l c u l a t e d  with r e a s o n a b l e  a ccu racy  by th e  Uth d e g r e e  normal form.
f o r  c e r t a i n  s t a t e s  h a v in g  low v a l u e s  o f  J? [ f o r  example j t  “ ±1, 
n = 0 ,  = it) t h e  p r e s e n t  method g ives  no quantum l e v e l ,  because  no
c o n d i t i o n s  were found f o r  which t h e  phase  i n t e g r a l  ( I V , 5) s a t i s f i e d  th e  
quantum c o n d i t io n  [though in  some such c a s e s  th e  quantum c o n d i t i o n  co u ld  
be approx im ate ly  s a t i s f i e d , )  Two p o s s i b l e  e x p l a n a t i o n s  a r e :  ( i )  t h a t
t h i s  r e s u l t s  from e r r o r s  i n t r i n s i c  in t h e  t r u n c a t i o n  o f  t h e  normal form 
o r  ( i i )  t h a t  t h i s  r e s u l t s  from t h e  use o f  im proper  q u a n t i z a t i o n  c o n d i ­
t i o n s  ( th e  c o n d i t i o n s  used do n o t  p r o p e r l y  acco u n t  f o r  t u n n e l i n g ,  which 
may be important f o r  l i b r a t i o n s . ) I t  s h o u ld  no t  be s u g g e s t e d  t h a t  t h e s e  
l e v e l s  belong t o  t h e  i r r e g u l a r  spec t rum ,  b e ca u se  th e y  f a l l  i n t o  t h e  
p a t t e r n  e s t a b l i s h e d  by t h e  r e g u l a r  sp ec t ru m .
There remain t e n  quantum s t a t e s  (n_, .  -  90-99)  f o r  which t h e  l n -
t e r p r e t a t i o n  i s  u n c e r t a i n .  Those a re  l i s t e d  i n  o r d e r  o f  i n c r e a s i n g
e n e r g y ,  and quantum numbers a r e  t e n t a t i v e l y  a s s ig n e d  t o  them by f o l l o w i n g
t h e  p a t t e r n  o f  t h e  lower s t a t e s .  [The a s s ig n m e n t  o f  n = 1 3 ,  J  -  ±3r
t o  s t a t e s  90 and 93 and n = 1 2 ,  Jt = ±12 t o  s t a t e s  91* and  97 may ap p ea r  
t o  v i o l a t e  t h e  n o n -c ro s s in g  r u l e ;  t h i s  i s  n o t  i n  f a c t  a  v i o l a t i o n ,  
however ,  because  t h e  s t a t e s  which avoid  c r o s s i n g  I n t e r c h a n g e  t h e i r  
c h a r a c t e r . )  Ve cannot be su re  t h a t  t h e  a s s ig n m e n ts  g i v e n  a r e  c o r r e c t
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( o r  even t h a t  a  unique  a s s ig n m e n t  i s  p o s s i b l e ) ,  b u t  on t h e  o t h e r  hand ,  
we have found no s t a t e s  which  d e f i n i t e l y  f a l l  o u t s i d e  o f  a r e g u l a r  
p a t t e r n .
Let us now compare t h e  methods  u sed  f o r  t h e  incommensurab le  
c a s e ,  and t h e  commensurable c a s e .  In  t h e  incommensurable  c a s e ,  t h e  
e n e r g y  l e v e l s  a r e  d e t e r m in e d  e x c l u s i v e l y  th rough  a n a l y t i c a l  methods .
A s i n g l e  c a l c u l a t i o n  o f  t h e  normal form s u p p l i e s  a v a l u e  f o r  a l l  l e v e l s ,  
In  t h e  conraensurable  c a s e ,  t h e  e n e r g y  l e v e l 3  a re  d e te r m in e d  p a r t i a l l y  
t h r o u g h  a n a l y t i c a l  methods ,  and p a r t i a l l y  th ro u g h  n u m e r i c a l  methods .
The c a l c u l a t i o n  o f  t h e  no rm a l  form i s  no t  enough; w h i l e  one quantum 
c o n d i t i o n  i s  s u p p l i e d  a n a l y t i c a l l y ,  t h e  o t h e r  must b e  s u p p l i e d  by quan­
t i z i n g  a phase  i n t e g r a l  n u m e r i c a l l y .  Once t h e  c o r r e c t  r o o t  J 1 i s  de ­
t e r m i n e d ,  t h e  c o r r e c t  c y c l e  f o r  w* i s  d e t e r m in e d ,  and  t h e  c o r r e c t  
q u a n t i z a t i o n  i s  d e te r m in e d ,  t h e  p r o c e s s  o f  g e n e r a t i n g  t h e  e n e r g y  s p ec ­
t ru m  i s  s t r a i g h t f o r w a r d .
V. CONCLUSION
In t h i s  s e c t i o n ,  we summarize t h e  work acco m p l i sh ed  h e r e ,  com­
p a re  t h e  methods deve loped  w i th  o t h e r s  t h a t  a r e  p r e s e n t l y  a v a i l a b l e *  and 
c o n s i d e r  p o s s i b l e  e x t e n s i o n s  and a p p l i c a t i o n s  o r  t h e  t h e o r y .
A. Summary
We have p r e s e n t e d  a  s e m i c l a 3 3 i c a l  method f o r  a p p r o x im a t in g  t h e  
Sch r& dinger  e q u a t io n ,  p r i m a r i l y  f o r  n o n s e p a r a b l e  s y s t e m s .  As such* i t  
i n v o l v e s  two s t e p s  -  s o l v i n g  th e  c l a s s i c a l  p ro b le m ,  and q u a n t i z i n g .  In 
t h i s  c a s e ,  we so lve  t h e  c l a s s i c a l  problem t h r o u g h  a  sequence  o f  c a n o n ic a l  
t r a n s f o r m a t i o n s  which t r a n s f o r m  t h e  H a m i l to n i a n  i n t o  B i r k h o f f ' s  normal  
form. Two cases  a r i s e .  Tak ing  t h e  zero  o r d e r  s o l u t i o n  t o  be t h a t  o f  a 
system o f  harmonic o s c i l l a t o r s ,  we f i n d  t h a t  i f  t h e  f r e q u e n c i e s  o f  t h e  z e ro -  
o r d e r  H a m i l to n ia n  a r e  incommensurable ,  t h e n  t h e  normal  form can be  w r i t ­
t e n  as a  sum o f  p ro d u c t s  o f  One-d im ensiona l  ha rm on ic  o s c i l l a t o r  
H a m i l t o n i a n s ;  i f  t h e  f r e q u e n c i e s  o f  t h e  z e r o - o r d e r  H am il ton ian  a r e  com­
m e n s u r a b le ,  then  a d d i t i o n a l  te rms  which c a n n o t  be  w r i t t e n  as  p r o d u c t s  o f  
O ne -d im ens iona l  harmonic o s c i l l a t o r  H a m i l to n i a n s  e n t e r  i n t o  t h e  normal 
form. The normal form In t h e  Incommensurable  c a s e  can  be q u a n t i z e d  
a n a l y t i c a l l y  to  p ro v id e  a  s imple  formula  f o r  a l l  t h e  energy  l e v e l s .  In  
t h e  commensurable c a s e ,  one degree  o f  f reedom can  b e  q u a n t i z e d
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a n a l y t i c a l l y ,  a n d  t h e  o t h e r  i s  q u a n t i s e d  n u m e r i c a l l y  t>y a  o n e - d i m e n s i o n a l  
p h a s e  i n t e g r a t i o n .  C o n s e q u e n t l y ,  a  s i m p l e  f o r m u l a  f o r  t h e  e n t i r e  e n e r g y  
s p e c t r u m  i s  n o t  o b t a i n e d ,  a n d  e a c h  e n e r g y  l e v e l  m u s t  b e  g e n e r a t e d  i n d i v i d ­
u a l l y ;  t h e  n u m e r i c a l  e f f o r t  i n v o l v e d  i n  t y p i c a l  o f  o n e - d i m e n s i o n a l  WKB 
m e t h o d s ,  t h o u g h  som ew ha t  c o m p l i c a t e d  by t h e  f a c t  t h a t  t h e  n ew  H a m i l t o n i a n  
P i s  n o t  q u a d r a t i c  i n  t h e  new momentum J r , D e s p i t e  t h e  f a c t  t h a t  t h e  
m e t h o d  i g n o r e s  a n y  c o n s i d e r a t i o n  o f  i r r e g u l a r  c l a s s i c a l  m o t i o n  ,  i t  p r e d i c t s  
e n e r g y  l e v e l s  i n  e x c e l l e n t  a g r e e m e n t  w i t h  q u a n t u m  m e c h a n i c a l  c a l c u l a t i o n s ,
B, C o m p a r i s o n s
L e t  u s  b e g i n  b y  c o m p a r i n g  t h e  p r e s e n t  m e t h o d  a g a i n s t  o t h e r  r e c e n t l y  
d e v e l o p e d  s e m i c l a s s i c a l  t e c h n i q u e s .  Moat  o f  t h e s e  h a v e  b e e n  n u m e r i c a l  i n  
n a t u r e .  As s u c h ,  t h e y  h a v e  r e q u i r e d  t h a t  t h e  e n e r g y  l e v e l s  b e  g e n e r a t e d  
o n e  a t  a  t i m e .  T h i s  u s u a l l y  i n v o l v e s  a  s u c c e s s i o n  o f  i t e r a t i o n s  i n  o r d e r  
t o  g e n e r a t e  e a c h  l e v e l .  T h e  p r e s e n t  m e t h o d  a l s o  r e q u i r e s  a  s u c c e s s i o n  o f  
o p e r a t i o n s ,  b u t  t h e y  n e e d  o n l y  be  d o n e  o n c e .  A f t e r  t h a t ,  t h e  n o r m a l  f o r m  
i s  know n a n d ,  a t  l e a s t  i n  t h e  i n c o m m e n s u r a b l e  c a s e ,  t h e  e n t i r e  e n e r g y  s p e c ­
t r u m  i s  kno w n .  E v e n  i n  t h e  c o m m e n s u r a b l e  c a s e ,  t h e  n o r m a l  f o r m  t e c h n i q u e  
h a s  a d v a n t a g e s .  A l t h o u g h  t h e  l e v e l s  m u s t  b e  c a l c u l a t e d  i n d i v i d u a l l y ,  
f e w e r  q u a n t u m  c o n d i t i o n s  m u s t  b e  s a t i s f i e d  n u m e r i c a l l y .  T h i s  c o u l d  b e  a  
g r e a t  a d v a n t a g e ,
I f  v e  c o m p a r e  t h e  p r e s e n t  m e t h o d  w i t h  t h a t  d e v e l o p e d  b y  B o r n ,  
v e  f i n d  t h a t  t h e y  h a v e  many t h i n g s  i n  common.  B o t h  a r e  s e m i  c l a s s i c a l ,
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B o t h  s u p p l y  t h e  e n t i r e  e n e r g y  s p e c t r u m  i n  t h e  f o r m  o f  a  s i m p l e  f o r m u l a ,  
a n d  f u r t h e r m o r e ,  t h a t  f o r m u l a  i s  i n  t h e  f o r m  o f  a  p o w e r  s e r i e s  i n  t h e  
q u a n t u m  n u m b e r s  i n  b o t h  c a s e s ,
B o r n ' s  m e t h o d  i s  n o t  l i m i t e d  t o  a  h a r m o n i c  o s c i l l a t o r  H a m i l t o n i a n  
i n  a e r o  o r d e r .  B u t  a l t h o u g h  B l r k h o f f  s p e c i f i e s  t h a t  h i s  m e t h o d  r e q u i r e s  a  
h a r m o n i c  o s c i l l a t o r  H a m i l t o n i a n  i n  a e r o  o r d e r ,  we  s u s p e c t  t h a t  t h e  m e t h o d  
c o u l d  b e  g e n e r a l i s e d  t o  i n c l u d e  o t h e r  c h o i c e s  -  a s  l o n g  a s  t h e  z e r o  o r d e r  
c a s e  i s  i n t e g r a b l e .  F o r  e x a m p l e  a  M b r s e  o s c i l l a t o r  m i g h t  b e  a  p o s s i b l e  
c h o i c e .  T h e  m a j o r  s t e p  i n  t h e  p r o c e s s  o f  c a l c u l a t i n g  t h e  n o r m a l  f o r m  i s  i n  
f i n d i n g  a  t r a n s f o r m a t i o n  t o  v a r i a b l e s  i n  w h i c h  t h e  o p e r a t o r  D ( e q n .  I l l . h )  
i s  d i a g o n a l .  T h i s  w a s  p o s s i b l e  i n  o u r  c a s e  b e c a u s e  o f  t h e  s p e c i a l  n a t u r e  
o f  t h e  z e r o  o r d e r  H a m i l t o n i a n .  N e v e r t h e l e s s  i f  t h i s  s t e p  i s  a c c o m p l i s h e d ,  
p e r h a p s  a n  a n a l o g o u s  n o r m a l  f o r m  c o u l d  b e  c o n s t r u c t e d .
Now t h a t  we  h a v e  l i s t e d  t h e  s i m i l a r i t i e s  b e t w e e n  B o r n ' s  a n d  t h e  
p r e s e n t  m e t h o d  l e t  U S  l i s t  t h e  d i f f e r e n c e s .  I n  e f f e c t ,  t h e  m e t h o d s  d o  
t h i n g s  i n  a  d i f f e r e n t  o r d e r .  B o t h  b e g i n  w i t h  t h e  o r i g i n a l  c l a s s i c a l  
v a r i a b l e s ,  b u t  B o r n  f i r s t  t r a n s f o r m s  t o  a n g l e - a c t i o n  v a r i a b l e s  o f  t h e  u n ­
p e r t u r b e d  p r o b l e m ,  a n d  t h e n  t r a n s f o r m s  t o  t h e  p r o p e r  a n g l e - a c t i o n  v a r i a b l e s  
f o r  t h e  p e r t u r b e d  p r o b l e m  v i a  a  s u c c e s s i o n  o f  c a n o n i c a l  t r a n s f o r m a t i o n s .
I n  t h e  p r e s e n t  m e t h o d ,  we  t r a n s f o r m  f r o m  t h e  o r i g i n a l  v a r i a b l e s  v i a  a  s u c ­
c e s s i o n  o f  c a n o n i c a l  t r a n s f o r m a t i o n s  t o  B i r h h o f f ’ s  n o r m a l  f o r m .  T h e n  v e  
m ak e  a  t r i v i a l  t r a n s f o r m a t i o n  t o  t h e  a n g l e - a c t i o n  v a r i a b l e s  o f  t h e  p e r t u r b e d  
p r o b l e m .  H a v i n g  r e a c h e d  t h e  s a m e  p o i n t ,  b o t h  m e t h o d s  q u a n t i z e  t h e  a c t i o n  
v a r i a b l e s  a c c o r d i n g  t o  t h e  s e m i c l a s s i c a l  q u a n t i z a t i o n  p r e s c r i p t i o n  i n
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o r d e r  t o  o b t a i n  a  p o w e r  s e r i e s  I n  t h e  q u a n t u m  n u m b e r s .  T h e s e  s t e p s  a r e  
s h o w n  s c h e m a t i c a l l y  i n  F i g -  V , l ,  T h e  i n d i v i d u a l  s t e p s  i n  t h e  s u c c e s s i o n  
o f  c a n o n i c a l  t r a n s f o r m a t i o n s  a r e  q u i t e  d i f f e r e n t .  B o r n  c a l c u l a t e s  t h e  
g e n e r a t i n g  f u n c t i o n  b y  e x p a n d i n g  i t  i n  a  F o u r i e r  s e r i e s  a n d  s o l v i n g  f o r  t h e  
c o e f f i c i e n t s .  I n  p r a c t i c e  t h e  F o u r i e r  s e r i e s  t e r m i n a t e s  a f t e r  a  f i n i t e  
n u m b e r  o f  t e r m s ,  a n d  t h e  c o e f f i c i e n t s  c a n  b e  f o u n d  w i t h o u t  t r u n c a t i o n  o r  
a p p r o x i m a t i o n ,
T h e  p r i n c i p a l  d i f f e r e n c e  b e t w e e n  t h e  m e t h o d s  i s  i n  t h e  w a y  t h e  
t e r m s  o f  t h e  p o w e r  s e r i e s  a r e  c o l l e c t e d .  B o r n ’ s m e t h o d  i s  a  t r u e  p e r t u r ­
b a t i o n  m e t h o d ,  a n d  a s  s u c h  c o l l e c t s  t e r m s  b y  p o w e r s  o f  a  s m a l l  p a r a m e t e r .  
O u r  m e t h o d  i n v o l v e s  a  p o w e r  s e r i e s ,  b u t  t e r m s  a r e  c o l l e c t e d  b y  p o w e r s  o f  
t h e  c o o r d i n a t e s  a n d  m o m e n t a .  I f  s u c c e s s i v e  o r d e r s  i n  t h e  o r i g i n a l  
H a m i l t o n i a n  a r e  n o t  c h o s e n  t o  b e  o f  h o m o g e n e o u s  d e g r e e  i n  t h e  c o o r d i n a t e s  
a n d  m o m e n t a ,  t h e n  t h e  m e t h o d s  w i l l  c e r t a i n l y  p r o d u c e  a  f i n a l  r e s u l t  w h i c h  
i s  summed d i f f e r e n t l y  ( i . e .  t h e  p o w e r  s e r i e s  i n  t h e  q u a n t u m  n u m b e r s  w i l l  
n o t  a g r e e  b e t w e e n  t h e  t w o  m e t h o d s , )  F o r  t h e  p o t e n t i a l s  we t r e a t e d ,  b o t h  
m e t h o d s  y i e l d  i d e n t i c a l  r e s u l t s  i n  t h e i r  f i r s t  c o r r e c t i o n  t o  t h e  u n p e r ­
t u r b e d  r e s u l t .  S i n c e  B o r n  o n l y  l i s t s  r e s u l t s  t h r o u g h  s e c o n d  o r d e r ,  i t  
i s  n o t  k n o w n  i f  h i g h e r  o r d e r s  a g r e e ;  B o r n ' s  m e t h o d  i s  v e r y  t e d i o u s  t o  d e ­
r i v e  t o  h i g h e r  o r d e r  a n d  we h a v e  n o t  c a r r i e d  i t  o u t  a n y  f u r t h e r  t h a n
22s e c o n d  d e g r e e  ( w h i c h  h e  l i s t s  i n  h i s  h o o k  ) .
As f o r  a  c o m p a r i s o n  w i t h  o t h e r  c a l c u l a t i o n a l  t e c h n i q u e s ,  s u c h  
a s  q u a n t u m  m e c h a n i c a l  p e r t u r b a t i o n  t h e o r y ,  i t  s h o u l d  b e  b o r n e  i n  m i n d  
t h a t  o n e  o f  t h e  m a i n  m o t i v a t i o n s  f o r  c a r r y i n g  o u t  t h e  p r e s e n t  w o r k  w a s  t o
l U
p r o d u c e  a n  e f f i c i e n t  m e a n s  f o r  a p p l y i n g  t h e  s e m i c l a s B i c a l  m e t h o d  t o  n o n -  
a e p a r a b l e  s y s t e m s  a n a l y t i c a l l y , As s u c h ,  t h e  m e t h o d  i s  o n e  o f  many t o o l s  
w h i c h  a  p h y s i c i s t  h a s  a t  h i s  d i s p o s a l ,  a n d  I s  n o t  i n t e n d e d  t o  e n t i r e l y  r e ­
p l a c e  a n y  o t h e r  m e t h o d s .
I t  m u s t  b e  e x p e c t e d  t h a t  i n  som e  c a s e s  t h e  p r e s e n t  m e t h o d  w i l l  
p r o d u c e  m o r e  a c c u r a t e  a n s w e r s  f o r  a  g i v e n  o r d e r  a p p r o x i m a t i o n  t h a n  q u a n t u m  
m e c h a n i c a l  p e r t u r b a t i o n  t h e o r y ,  b u t  s u c h  c a s e s  a r e  p r o b a b l y  n o t  p r e d i c t a b l e .  
As f o r  a  c o m p a r i s o n  o f  e a s e  o f  c a l c u l a t i o n .  I t  s h o u l d  b e  p o s s i b l e  t o  
p r o g r a m  q u a n t u m  m e c h a n i c a l  p e r t u r b a t i o n  m e t h o d s  i n  MACSYMA, b u t  t h e  n o n -  
c o m m u t a t i v e  a l g e b r a  r e q u i r e d  w i l l  c a u s e  c a l c u l a t i o n s  t o  b e  much l e a s  
e f f i c i e n t ;  f u r t h e r m o r e ,  a t  p r e s e n t  man y  p o w e r f u l  c o m p u t a t i o n a l  r e s o u r c e s  
a r e  n o t  r e a d i l y  a v a i l a b l e  i n  MACSYMA i f  n o n c o n t n u t a t i v e  a l g e b r a  i s  r e q u i r e d .  
I t  may a l s o  b e  p o i n t e d  o u t  t h a t  i n  g e n e r a l ,  s e m i c l a s s l c a l  m e t h o d s  o f f e r  
t h e  b e s t  o p p o r t u n i t y  f o r  a  p h y s i c i s t  t o  a p p l y  h i s  c l a s s i c a l  I n t u i t i o n  i n  
o r d e r  t o  " p i c t u r e "  w h a t  I s  g o i n g  o n .  S u c h  m e t h o d s  t h e r e f o r e  c o m p l e m e n t  
t h e  u s u a l  q u a n t u m  m e c h a n i c a l  m e t h o d s .
S i n c e  t h e  p r e s e n t  m e t h o d  i s  b o t h  s e m i c l a s B i c a l , a n d  p e r t u r b a t i o n & l  
i n  n a t u r e ,  i t  s u f f e r s  f r o m  l i m i t a t i o n s  I m p o s e d  b y  b o t h  a p p r o x i m a t i o n s .  
T h e r e f o r e  u n l i h e  m o s t  s e m i o l a s s i c a l  m e t h o d s ,  i t  i s  e x p e c t e d  t h a t  i t  w i l l  
p r o d u c e  p r o g r e s s i v e l y  l e s s  a c c u r a t e  r e s u l t s  a s  t h e  q u a n t u m  n u m b e r s  g r o w ;  
i t  s h o u l d  p r o d u c e  t h e  b e s t  r e s u l t s  a t  l o w  q u a n t u m  n u m b e r s  b e c a u s e  t h e  
u n p e r t u r b e d  l i m i t  i s  a  h a r m o n i c  o s c i l l a t o r ,  a n d  t h e  h a r m o n i c  o s c i l l a t o r  
h a p p e n s  t o  b e  e x a c t l y  s o l v a b l e  u s i n g  s e m i c l a s s l c a l  m e t h o d s .
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T h e  e x t e n s i o n  o f  t h e s e  q u a n t i z a t i o n  m e t h o d s  t o  more t h a n  t w o  
d e g r e e s  s h o u l d  b e  s t r a i g h t  f o r w a r d * T h e  p r o c e d u r e  f o r  t h e  i n c o m m e n s u r a b l e  
c a s e  w i l l  b e  u n c h a n g e d *  As f o r  t h e  c o m m e n s u r a b l e  c a 3 e *  i t  i s  b e l i e v e d  
t h a t  i f  t h e r e  i s  o n l y  o n e  i n d e p e n d e n t  c o m m e n s u r a b i l i t y  c o n d i t i o n  o n  t h e  
f r e q u e n c i e s  o f  t h e  u n p e r t u r b e d  h a r m o n i c  o s c i l l a t o r s ,  t h e  n o r m a l  f o r m  s h o u l d  
b e  r e d u c e a b l e  t o  a  f o r m  w h i c h  i s  c y c l i c  i n  a l l  b u t  o n e  c a n o n i c a l  c o o r d i n a t e *  
I f  t h a t  c a n  b e  d o n e *  t h e n  t h e  f i n a l  q u a n t u m  c o n d i t i o n  c a n  b e  s u p p l i e d  b y  
t r e a t i n g  t h e  p r o b l e m  a s  a  o n e - d i m e n s i o n a l  c a s e ,  a n d  n u m e r i c a l l y  i n t e g r a t i n g  
a n d  q u a n t i z i n g  a  p h a s e  i n t e g r a l ,  a s  w a s  d o n e  i n  t h e  c o m m e n s u r a b l e  c a s e  
t r e a t e d  h e r e .
I f  t h e r e  i a  m o r e  t h a n  o n e  i n d e p e n d e n t  c o m m e n s u r a b i l i t y  c o n d i t i o n  
( s a y  t h e r e  a r e  a s u c h  c o n d i t i o n s ,  w h e r e  3 i s  l e s s  t h a n  t h e  n u m b e r  o f  d e g r e e s  
o f  f r e e d o m  f )  t h e n  i t  i s  b e l i e v e d  t h a t  t h e  n o r m a l  f o r m  c a n  be  r e d u c e d  t o  a  
f o r m  w h i c h  i s  c y c l i c  i n  a l l  b u t  s  c a n o n i c a l  c o o r d i n a t e s .  T h i s  f o n t  w o u l d  
c o r r e s p o n d  t o  a  n o n s e p a r a b l e  s y s t e m  o f  s  d e g r e e s  o f  f r e e d o m .  A l t h o u g h  i n  
t h i s  w a y  a  s e t  o f  ( f - s )  a c t i o n  v a r i a b l e s  c o u l d  b e  q u a n t i z e d  a n a l y t i c a l l y ,  
a n d  t h e  d i m e n s i o n a l i t y  o f  t h e  p r o b l e m  w o u l d  b e  r e d u c e d ,  i t  i s  n o t  c l e a r  
t h a t  t h e  s p e c t r u m  o f  t h e  r e s i d u a l  H a m i l t o n i a n  c o u l d  b e  c a l c u l a t e d  e a s i l y .
I f  I t  w e r e  t o  s h o w  q u a s i p e r i o d i c  m o t i o n ,  t h e n  t h e  r e m a i n i n g  s  a c t i o n  
v a r i a b l e s  c o u l d  b e  c a l c u l a t e d  a n d  q u a n t i z e d  b y ,  f o r  e x a m p l e ,  t h e  m e t h o d s
1  7 l* i  f t
o f  H o l d  a n d  M a r c u s ,  b u t  F o r d  h a s  f o u n d  c a s e s  i n  w h i c h  s y s t e m s  w i t h
t w o  i n d e p e n d e n t  c o m m e n & u r a b i l i t y  c o n d i t i o n s  a p p e a r  t o  d i s p l a y  p r e d o m i n a n t l y  
e r g o d i c  b e h a v i o r  a t  a l l  e n e r g i e s .
I l 6
A p r a c t i c a l  c o n s i d e r a t i o n  i n  t h e  g e n e r a t i o n  o f  t h e  B i r k h o f f
n o r m a l  f o r m  i s  t h e  n u m b e r  o f  t e r m s  v h i c h  a  H a m i l t o n i a n  w i l l  c o n t a i n .
H i g h e r  d e g r e e  t e r m s  g e n e r a t e d  w h i l e  t r a n s f o r m i n g  l o w e r  d e g r e e  t e r m s  i n t o  
n o r m a l  f o r m  w i l l  b e  n u m e r o u s .  I n  g e n e r a l ,  t h e  p a r t  o f  t h e  H a m i l t o n i a n  o f  
d e g r e e  m,  w h i c h  h a s  n o t  y e t  b e e n  p l a c e d  i n  n o r m a l  f o r m ,  w i l l  c o n t a i n  u p  t o
i n d i v i d u a l  t e r m s  ( w h e r e  f  = t o t a l  n u m b e r  o f  c o o r d i n a t e s  a n d  m o m e n t a ) .  In  
t h e  c a s e  w h i c h  v e  t r e a t e d  ( t w o  d e g r e e s  o f  f r e e d o m ,  t e r m s  t h r o u g h  d e g r e e  0 )  
i n t e r m e d i a t e  f o r m s  o f  t h e  H a m i l t o n i a n  r e q u i r e  t h a t  a l m o s t  f i v e  h u n d r e d  
t e r m s  b e  h a n d l e d .  I f  t h e  c a l c u l a t i o n  i a  d o n e  u s i n g  MACSYMA, t h e n  s t o r a g e  
c a p a c i t y  f o r  t h r e e  f i v e - h u n d r e d  t e r m  p o l y n o m i a l s  m u s t  b e  a v a i l a b l e  ( t h a t  
i s ,  f o r  t h e  o r i g i n a l  H a m i l t o n i a n ,  t h e  f i n a l  H a m i l t o n i a n  a n d  t h e  g e n e r a t i n g  
f u n c t i o n ) .  T r e a t i n g  t h r e e  d e g r e e s  o f  f r e e d o m  w o u l d  g e n e r a t e  s i x  t i m e s  a s  
many t e r m s  a s  d i d  t w o  d e g r e e s  o f  T r e e d o m ,  I f  t h e  c a l c u l a t i o n  i s  d o n e  
u s i n g  e x t e n d e d  p r e d i c i o n  f o r  t h e  n u m e r i c a l  c o e f f i c i e n t s ,  t h e n  c o r r e s p o n d i n g l y  
m o r e  c o r e  s p a c e  m u s t  b e  a v a i l a b l e .  We f o u n d  t h a t  s i n g l e  p r e c i s i o n  c a l c u ­
l a t i o n s  w o u l d  f i t  i n  t h e  a v a i l a b l e  c o r e  s p a c e ,  b u t  t h a t  w h e n  e x t e n d e d  
p r e c i s i o n  c a l c u l a t i o n s  w e r e  m a d e ,  c o r e  s t o r a g e  c a p a c i t y  w a s  e x c e e d e d ,  r e ­
q u i r i n g  t h a t  i n t e r m e d i a t e  r e s u l t s  b e  W r i t t e n  o n t o  d i s k  s t o r a g e .  W h i l e  t h i s  
d i d  n o t  i n c r e a s e  t h e  r e q u i r e d  CPU t i m e ,  i t  d i d  i n c r e a s e  e l a p s e d  t i m e  f o r  a  
c a l c u l a t i o n  b y  a  f a c t o r  o f  t h r e e .  P r e s e n t l y  s p e c i a l  L I S P  m a c h i n e s  a r e
( V . l )
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b e in g  d e v e lo p ed  which w i l l  have  a  s u b s t a n t i a l l y  i n c r e a s e d  s t o r a g e  c a p a c i t y  
( t h e  p r im ary  l i m i t a t i o n  h e re  i s  t h e  number o f  a d d r e s s  b i t s  a v a i l a b l e  i n  
t h e  c u r r e n t  im p le m e n ta t io n  o f  JIACSYMA).
A f u r t h e r  c o n s i d e r a t i o n  which must be d i s c u s s e d  i s  t h e  r a t e  o f  
c o n v erg en ce  o f  t h e  B i r k h o f f  normal  form. As d i s c u s s e d  in  Chap. IV, th e  
B i r k h o f f  normal form i s  known t o  d i v e r g e  i n  g e n e r a l .  N e v e r t h e l e s s , as  t h i s  
work a n d  th e  work o f  Gustavson h a s  shown, t h e  normal form sometimes p o s s e s ­
ses  a  s o r t  o f  f a l s e  convergence  such t h a t  i f  i t  i s  t r u n c a t e d ,  i t  can 
a c c u r a t e l y  c h a r a c t e r i z e  a sy s te m .  Beyond t h i s ,  h ow ever ,  we must d e t e r ­
mine w h e th e r  t h e  f a l s e  con v erg en ce  w i l l  b e  f a s t  enough t o  make t h e  s e r i e s  
u s e f u l . The c a s e s  which we have d i s c u s s e d  so f a r  have  d i s p l a y e d  a s u f ­
f i c i e n t l y  f a s t  c o n v e r g e n c e ,  b u t  we have found c a s e s  i n  which convergence  
was n o t  r a p i d .  For example,  i f  t h e  p a r a m e t e r s  f o r  eqn ,  ( l l T * 5 ) a r e  chosen 
aB
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i t  i s  found t h a t  t h e  c o e f f i c i e n t s  o f  e v e r y  o r d e r  t h r o u g h  d e g re e  e i g h t  te rms  
i n  t h e  normal form a r e  o f  o r d e r  u n i t y .  (Note  t h a t  t h i s  c o r r e s p o n d s  to  
s im ply  i n t e r c h a n g i n g  t h e  v a l u e s  o f  f r e q u e n c y  f o r  t h e  incommensurable  ca se  
t r e a t e d  e a r l i e r . )
D, A p p l i  c a t 1on 3
The f i r s t  a r e a  which s u g g e s t s  i t s e l f  i s  c e r t a i n l y  t h e  s tu d y  o f  
v i b r a t i o n a l  s p e c t r a  o f  p o ly a to m ic  m o l e c u l e s .  No r o t a t i o n a l  e f f e c t s  have
n a
b e e n  i n c l u d e d  h e r e ,  b u t  t h e s e  e f f e c t s  h a v e  b e e n  s t u d i e d  e x t e n s i v e l y  b y  
o t h e r s  a n d  m e t h o d s  f o r  i n c l u d i n g  t h e m  h a v e  b e e n  d e v e l o p e d .  I t  s h o u l d  b e  
p o s s i b l e  t o  i n c l u d e  s u c h  e f f e c t s  i n  o u r  c a l c u l a t i o n s .
O u r  m e t h o d  m i g h t  a l s o  f i n d  a p p l i c a t i o n  i n  t h e  s t u d y  o f  v i b r a ­
t i o n a l  e f f e c t s  s u p e r i m p o s e d  on  e l e c t r o n i c  t r a n s i t i o n s .  I n  b o t h  t h i s ,  
a n d  t h e  p u r e  v i b r a t i o n  c a s e ,  t h e  m e t h o d  c o u l d  b e  u s e d  e i t h e r  t o  c a l c u l a t e  
e n e r g y  l e v e l s  f r o m  kno wn p o t e n t i a l  s u r f a c e s ,  o r  t o  h e l p  f i t  p o t e n t i a l  
s u r f a c e s  t o  e x p e r i m e n t a l l y  k n o v n  s p e c t r a  -  t h e  i n v e r s i o n  p r o b l e m .
O t h e r  a p p l i c a t i o n s  a l s o  e x i s t .  F o r  e x a m p l e ,  t h e  p r e s e n t  m e t h o d  
s h o u l d  b e  a p p l i c a b l e  t o  a  s e m i c l a s s i c a l  c a l c u l a t i o n  o f  v i b r a t i o n a l  e f f e c t s  
i n  d e f o r m e d  n u c l e i .  I t  m a y  a l s o  h a v e  a p p l i c a t i o n  t o  p h o t o d i s s o c i a t i o n  and 
n o n - r e s o n a n t  a b s o r p t i o n .
F i n a l l y ,  a n o t h e r  s i g n i f i c a n t  a s p e c t  o f  t h i s  r e s e a r c h  i s  t h a t  i t  
h a s  p r o v i d e d  a n  i l l u s t r a t i o n  o f  t h e  u s e f u l n e s s  o f  a n a l y t i c a l  c o m p u t e r  m e t h o d s  
s u c h  a s  MACSTMA. S u c h  a n a l y t i c a l  c o m p u t e r  m e t h o d s  c a n  c o m p l e m e n t  n u m e r i c a l  
c o m p u t e r  m e t h o d s .  L i k e  a l l  c o m p u t e r  m e t h o d s ,  t h e s e  a r e  m o 3 t  e a s i l y  a d a p t e d  
t o  p e r f o r m i n g  s t r a i g h t f o r w a r d  b u t  t e d i o u s  J o b s  ( s u c h  a s  p e r f o r m i n g  c a n o n i ­
c a l  t r a n s f o r m a t i o n s  on  H a m i l t o n i a n s  w h i c h  c o n t a i n  s e v e r a l  h u n d r e d  t e r m s  
u s i n g  g e n e r a t i n g  f u n c t i o n s  w h i c h  c o n t a i n  s e v e r a l  h u n d r e d  t e r m s , )  A d v a n t a g e s  
a r e  t h a t  r e s u l t s  may b e  c a l c u l a t e d  f a s t e r ,  a n d  t h a t  t h e r e  a r e  f e w e r  o p p o r ­
t u n i t i e s  f o r  e r r o r .  B e y o n d  s u c h  a p p l i c a t i o n s ,  t h e  i n t e r a c t i v e  mode o f  
o p e r a t i o n  p r o v i d e s  a n  o p p o r t u n i t y  o f  g r e a t  p o t e n t i a l .
A p p e n d i x  I .  REVIEW OP HAMILTON-JACOBI THERQY
I n  t h i s  a p p e n d i x  w e  b e g i n  b y  r e v i e w i n g  t h e  b a s i c  g o a l  o f  H a m i l t o n -  
J a c o b i  t h e o r y  -  n a m e l y  t o  f i n d  a  t r a n s f o r m a t i o n  t o  new v a r i a b l e s  i n  w h i c h  
H a m i l t o n ' s  e q u a t i o n s  a r e  e a s i e r  t o  s o l v e .  To i l l u s t r a t e  t h e  m e t h o d ,  t h e  
t i m e - i n d e p e n d e n t  H - J  e q u a t i o n  i s  s o l v e d  f o r  t h e  s e p a r a b l e  c a s e .  F i n a l l y  
a c t  i o n - a n g l e  v a r i a b l e s  a r e  d e f i n e d ,  a n d  t h e i r  p r o p e r t i e s  a r e  d i s c u s s e d .
L e t  u s  b e g i n  w i t h  a  p r o b l e m  e x p r e s s e d  i n  c o o r d - i n a t e s  a n d
m o m e n t a  T h e s e  v a r i a b l e s  s a t i s f y  H a m i l t o n ’ s  e q u a t i o n s  o f  m o t i o n ,
ft t  ** 3 ( A l . l )
-  P »  (A1.2 )
w h e r e  H i s  the H a m i l t o n i a n ,  a n d  w h e r e  ( q , p }  i s  a  shorthand n o t a t i o n  T o r
( q l ....................... q ^ ,  p ^ ,  , , We w o u l d  l i k e  t o  p e r f o r m  a  t r a n s f o r m a t i o n
t o  n ew  v a r i a b l e s  ( Q , P )  i n  w h i c h  H a m i l t o n ' s  e q u a t i o n s  o f  m o t i o n  a r e  e a s i e r  
t o  s o l v e .
L e t  i s  l o o k  f o r  t r a n s f o r m a t i o n  e q u a t i o n s  i n  t e r m s  o f  a  g e n e r a t i n g  
q
f u n c t i o n  F w h i c h  l i n k s  o l d  a n d  new c o o r d i n a t e s .  L e t
F  ® ^  ^ [A1.3)
w h e r e  ( q , P )  i s  a  s h o r t h a n d  n o t a t i o n  f o r  ( q ^ »  - -
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t r a n s f o r m a t i o n  e q u a t i o n s  f o r  such a  g e n e r a t i n g  f u n c t i o n  a r e
P -  *  { A 1 ,  U )
Q ,  * ( A1 .5 )
k  -  h  +  ( a i . 6 )
where I s  unknown and K l a  t h e  H a m i l to n ia n  e x p r e s s e d  i n  t h e  new c o o r d i ­
n a t e s  and  momenta. By s u b s t i t u t i n g  e q u a t i o n s  (A l . i t )  an d (A1.5 )  i n t o  ( A l . 6 ) 
we can w r i t e  a diffexudir, e q u a t i o n  w h ic h ,  i f  s o l v e d ,  would p r o v i d e  F .
k ( | j* , e ) =  rt<g,dTj > + J t  ‘“ ‘T>
The t r a n s f o r m a t i o n  i s  no t  c o m p l e t e l y  s p e c i f i e d  u n t i l  we choose  
c o n d i t i o n s  which we want t h e  f i n a l  v a r i a b l e s  t o  s a t i s f y .  For exam ple ,  i f  
we r e q u i r e  t h e  f ina l .  H am i l to n ian  K t o  be i d e n t i c a l l y  z e r o ,  t h e n  H a m i l t o n ' s  
e q u a t i o n s  i n  t h e  new v a r i a b l e s
(Al .B l
p .
cou ld  be t r i v i a l l y  s o lv e d
Q = c o n a t a n t
(A1.9)
= c o n s t a n t
121
For t h i s  e a s e ,  t h e  e q u a t i o n  f o r  l a  t h e  t im e  dependen t  H a m i l to n - J a c o b i  
e q u a t i o n
a ?  ) *  a ?  *° °  ■ ( A 1 ' l 0 )
A l t e r n a t i v e l y ,  ve c o u ld  r e q u i r e  t h a t  t h e  new H a m i l to n ia n  be 
c y c l i c  in  a l l  new c o o r d i n a t e s
K -  K ( P , } - . . j Pn ) , ( A l . l l )
Then t h e  e q u a t i o n s  o f  m o t io n  would become
(A1.12)
=  H i  ’
£ { -  o
which p o s s e s s  t h e  immedia te  s o l u t i o n
GJi * V i t  *+■ p L ^  s COytjT*Wf
+. . fAl.13)
p .  -=
L
and
The e q u a t i o n  f o r  F^ in  t h i s  c a s e  i s  t h e  t im e  i n d e p e n d e n t  H-.T e q u a t i o n
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Tak in g  K to  v a n i s h ,  o r  t a k i n g  K t o  be c y c l i c  i n  t h e  new c o o r ­
d i n a t e s ,  a r e  o n l y  two p o s s i b l e  c o n d i t i o n s  t o  a p p l y  t o  t h e  new H a m i l t o n i a n  
in  eqn . A l .T i  many o t h e r  c h o i c e s  a r e  a l s o  p o s s i b l e .  The e q u a t i o n  v h i c h  
r e s u l t s  from o t h e r  c h o ic e s  I s  t h e  e q u a t i o n  Tor t h e  g e n e r a t i n g  f u n c t i o n  
which w i l l  p r o v i d e  t h e  n e c e s s a r y  t r a n s f o r m a t i o n  e q u a t i o n s .
The s o l u t i o n  to  t h e  t im e  in d e p en d e n t  H-J  e q u a t i o n  l e a d s  t o  t h e  
c o ncep t  o f  a c t i o n - a n g l e  v a r i a b l e s ,  and s u b s e q u e n t l y  t o  a more p r e c i s e  
d e f i n i t i o n  o f  q u a s l p e r i o d i c  m o t io n .  I f  t h e  H a m i l to n i a n  ha s  no e x p l i c i t  
t ime  dependence  t h e n  we may lo o k  for a g e n e r a t i n g  f u n c t i o n  w i t h  no e x p l i c i t  
t ime  dependence
X _ (A1 . 15 )
The com ple te  s o l u t i o n  o f  A l . lU  w i l l  c o n t a i n  n a r b i t r a r y  c o n s t a n t s  o f  w h ich
one w i l l  be  p u r e l y  a d d i t i v e  (because  W e n t e r s  o n l y  w i t h i n  d e r i v a t i v e s ) .
T h e r e f o r e  t h e r e  w i l l  be n -1  n o n t r i v i a l  c o n s t a n t s  o f  i n t e g r a t i o n  v h i c h
t o g e t h e r  w i th  oi. , form n in d ep en d en t  c o n s t a n t s  0( , ,  , . ,  £>( ■ The
f 1 '
new c o n s t a n t  momenta can be c hosen  as  any n i n d e p e n d e n t  f u n c t i o n s  o f  t h e  
n c o n s t a n t s  o f  i n t e g r a t i o n .  How, suppose t h a t  t h e  g e n e r a t i n g  f u n c t i o n  W 
which s o l v e s  t h e  H-J e q u a t i o n  i s  s e p a r a b l e ,  i . e . :
W  ■= 2 ' - ' V s i j ' S  >• •  > * * ) ( A l , l 6 )
T h e r e f o r e
p .  ^  ^ ^  f  ft) a K t J  ' '
. f A l . 1 7 )
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Nov i t  can 'be shown t h a t  i f  t h e  H-J  e q u a t i o n  has  a s o l u t i o n  o f
t h i s  t y p e ,  an d  i f  t h e  mot ion  i s  bounded, t h e n  t h e  m ot ion  o f  e ach  c o o r d i n a t e
9
c a n  o n l y  b e  a  l i h r a t i o n  o r  a  r o t a t i o n .  F o r  t h e  l i b r a t i o n s  o f  s u c h  a  
s e p a r a b l e  s y s t e m ,  q v a r i e s  b a c k  a n d  f o r t h  b e t w e e n  t w o  f i x e d  l i m i t s  a n d  v e
A -
may c o n s i d e r  t h e  f u n c t i o n
T i  - ( A l . 1 8 )
i n t e g r a t e d  o v e r  o n e  c y c l e  o f  q .  ,  w h e r e  t h e  q (,1 7* 0  a r e  e i t h e r  h e l d  
c o n s t a n t ,  o r  i f  a l l o w e d  t o  v a r y ,  t h e n  r e t u r n e d  t o  t h e i r  o r i g i n a l  v a l u e s  
w i t h o u t  h a v i n g  p a s s e d  t h r o u g h  a  f u l l  c y c l e ,  i . e .
"  J  ^ g ,  D l  (A1.19)
(Because W i s  assumed s e p a r a b l e ,  i t  can be seen  t h a t  p^dq^ I s  an e x a c t  
d i f f e r e n t i a l .  Th is  e n s u r e s  t h e  p a t h - i n d e p e n d e n c e  o f  t h e  i n t e g r a l , )  The 
fu n c t io n  i s  c a l l e d  t h e  a c t i o n  v a r i a b l e .  S in c e  t h e  dependence has  
been i n t e g r a t e d  o u t ,
1 1 * "  )* *  *  ^  [A l . 2 0 )
Let us choose t h e  a c t i o n  v a r i a b l e s  t o  be  t h e  new momenta. T h e r e f o r e
w -  W < | , , . , I . ; j : i . . . 1 T O
« * « .  - K K
12**
T h e  c a n o n i c a l  c o o r d i n a t e s  c o n j u g a t e  t o  e r e  know n a s  t h e  
a n g l e  v a r i a b l e s  . T h e y  a r e  f u r n i s h e d  f r o m  t h e  t r a n s f o r m a t i o n  e q n .  ( A 1 . 5 )
a w
d O ;
' U f -  ■ _
(A1.23)
The e q u a t i o n s  o f  m ot ion  p r o v i d e  t h e  form
1 J - J i
( A 1 . 2 M
v h i c h  h a s  t h e  i m m e d i a t e  s o l u t i o n
*  V i t  +  p , . ( A 1 . 2 5 )
Let  u s  f i n d  t h e  change  i n  due t o  t h e  p a s s i n g  o f  q^ t h ro u g h  
one c y c l e ,  v i t h  o t h e r  c o o r d i n a t e s  e i t h e r  h e l d  f i x e d ,  o r  a l l o w e d  t o  v a r y ,  
b u t  b e i n g  b ro u g h t  back t o  t h e i r  i n i t i a l  v a l u e s  w i t h o u t  h a v in g  p a s s e d  
th r o u g h  a f u l l  c y c l e .
a 5V  = $
-
i ts -To**
= & iisL 4 , .  
i l ;  7  ”
=  £ ? .  W t i  < W - 261
o J  L
—  ^ X j  
a-TV
■
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T h i s  s h o w s  t h a t  wi  w i l l  I n c r e a s e  b y  u n i t y  i f  p a s s e s  t h r o u g h  o n e  c y c l e  
( w i t h  o t h e r  c o o r d i n a t e s  r e s t r i c t e d  a s  a b o v e ) ,  b u t  w i l l  b e  u n c h a n g e d  a f t e r  
Q . f J  ^  1 )  p a B s e s  t h r o u g h  o n e  c y c l e .
■J
T h i s  e x a m p l e  w a s  f o r  m o t i o n  s u c h  t h a t  t h e  c o o r d i n a t e s  v a r y  b e ­
t w e e n  f i x e d  l i m i t s  ( s e p a r a b l e  l i b r a t i o n  c a s e ) .  S i m i l a r  r e s u l t s  a r e  f o u n d  
f o r  m o t i o n  s u c h  t h a t  t h e  c o o r d i n a t e s  i n c r e a s e  mono t o n i c  a l l y ,  a n d  t h e  
m o m e n t a  a r e  p e r i o d i c  f u n c t i o n s  o f  t h e  c o o r d i n a t e s  ( r o t a t i o n  c a s e ) ^ .  
T h e  p h a s e  i n t e g r a l  w h i c h  p r o v i d e s  J  i s  i n t e g r a t e d  o v e r  o n e  c y c l e  o f  t h e  
m o t i o n  (w h ic h  w i l l  no  l o n g e r  b e  b e t w e e n  f i x e d  l i m i t s  a s  i n  t h e  l i b r a t i o n  
c a s e ) ,
The a b o v e  d i s c u s s i o n  w a s  l i m i t e d  t o  t h e  s e p a r a b l e  c a s e .  T h i s  
i l l u s t r a t e d  i m p o r t a n t  p r o p e r t i e s  o f  a n g l e - a c t i o n  v a r i a b l e s ,  "but s e r v e s  
o n l y  a s  a  b e g i n n i n g  f o r  n o n s e p a r a b l e  c a s e s .  As  i s  d i s c u s s e d  i n  C h a p .  I I ,  
many o f  t h e  c o n c e p t s  i n t r o d u c e d  h e r e  m u s t  b e  g e n e r a l i s e d  i n  o r d e r  t o  
t r e a t  n o n s e p a r a b l e  s y s t e m s .
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Appendix  I I .  ENERGY LEVELS FOR SYMMETRIC QNE-DIMEH5IONAL
DOUBLE WELL
This  a p p e n d ix  shows t h a t  t h e  u s u a l  h a l f - i n t e g r a l  WKB q u a n t i z a t i o n  
r e l a t i o n  must be  m o d i f i e d  i f  t h e r e  i a  more t h a n  one c l a s s i c a l l y  a l l o w e d  
r e g i o n .  E n e r g y  l e v e l s  a r e  c a l c u l a t e d  s e t n i c l a 3 S i c a l l y  f o r  t h e  s y m m e tr ic  
o n e - d i m e n s i o n a l  d o u b le  v e i l  shown in F i g ,  A 2 * l ,
t h r o u g h  1 1 . 2 6 , t h e  vavenumbei* k d e f i n e d  in  e q n ,  1 1 .1 9  f o r  t h e  a l l o w e d  r e ­
g i o n ,  and X - i k  i n  t h e  f o r h i d d e n  region*
Boundary  c o n d i t i o n s  r e q u i r e  t h a t  t h e  v a v e f u n e t i o n  i n  r e g i o n  1 
he  a  d e c r e a s i n g  e x p o n e n t i a l
One-Dim ensiona l Double W el l
Fig, A2.1
We w i l l  make use  o f  t h e  c o n n e c t i o n  r e l a t i o n s  shown i n  eq n s  . 1 1 .2 3
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Using  t h e  c o n n e c t i o n  fo rm ula  g iv e n  i n  eq n .  1 1 .33  i t  f o l l o w s  t h a t  t h e  v a v e -  
f u n e t i o n  i n  r e g i o n  2 i s  g iv e n  by
' Y .  -  ~  toi (  nr & (A2.2)
U s in g  t h e  f a c t  t h a t  
X
j w -  j k < i : ( A ? .3)x - jltdr !***
J J  X
%  can  be r e e x p r e 3 s e d  in  t e rm s  o f  an i n t e g r a l  tak en  w i th  r e f e r e n c e  
to  t h e  t u r n i n g  p o i n t  a t  c.
X
c
'  ^  r s"’ (  H *  ' ^ 0
(A2,M
We would now l i k e  t o  c o n t in u e  t h i s  s o l u t i o n  i n t o  r e g io n  3.  T h i s  
r e q u i r e s  t h a t  t h e  c o n n e c t io n  fo rm u la  g iv e n  i n  eq n .  11*25 b e  u sed  i n  t h e  
wrong d i r e c t i o n .  We have warned t h a t  c a r e  must be t a k e n  i f  t h i s  1b t o  
be  done.  We know t h a t  t h e  WKB method p r o v i d e s  w&vefunet ions  which a r e  o n l y  
a p p r o x i m a t i o n s ,  i n  g e n e r a l .  In  t h i s  s e n s e ,  we may s ay  t h a t  t h e  c o n n e c t i o n  
fo rm u las  can n e v e r  be u sed  backw ards .  On t h e  o t h e r  h and ,  b o unda ry  c o n d i ­
t i o n s  r e q u i r e  t h a t  eqn , A2 .U b e  e x a c t  w i t h i n  t h e  WKB fo rm a l i sm .  In  p a r t i ­
c u l a r ,  we have i n t r o d u c e d  no f u r t h e r  a p p r o x im a t io n s  beyond t h o s e  a l r e a d y
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made i n  o r d e r  t o  d e r i v e  t h e  WKB method (such  as  would o c c u r  f o r  exam ple ,  in  
round  o f f  e r r o r  i f  a lo n g  t h e  way we had made f l o a t i n g  p o i n t  c a l c u l a t i o n s  
on a c o m p u t e r ) .  We w i l l  t h e r e f o r e  u s e  t h e  c o n n ec t io n  fo rm u las  in  t h e  
wrong d i r e c t i o n ;  what we o b t a i n  we w i l l  simply c a l l  t h e  WKB r e s u l t .
A p p ly in g  t h e  c o n n ec t io n  fo r m u la s  o f  eqns.  1 1 .2 5  and 1 1 .26  we 
o b t a i n  t h e  wave f u n c t i o n  i n  reg ion  3
^  S|* ( ( -  J U )
c X
+ W  ( j *  J * )
l / i T  i  c.
( A 2 . 5 )
Now, r e p e a t i n g  t h e  p ro c e d u re  from the  o p p o s i t e  d i r e c t i o n ,  we 
o b s e r v e  t h a t  boundary  c o n d i t i o n s  r e q u i r e  to  be a  d e c r e a s i n g  e x ­
p o n e n t i a l
v  i f  <<p(‘ H * ) (A?.6)
A p p ly in g  th e  c o n n e c t io n  fo rm u la  given in  e q n .  11.25 we o b t a i n  
• % . =  t o 5 (  - % )
( A2. 7)
E x p r e s s i n g  t h i s  with r e s p e c t  to  t h e  t u r n i n g  p o i n t  a t  b , we o b t a i n
* =  M  ( k ^ ) c 0 j (  J t J *  - y A
*  k L
-  A r  « - » (  (  ffc i x  -  % )  (A2-S)
I* %
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F i n a l l y ,  we o b t a i n  a  second e x p r e s s i o n  for  N j  by a p p l y i n g  
e q n .  11.23 ( i n  t h e  wrong d i r e c t i o n )  and
y  U J O  “ ? { -  N J* )
f *  K l  v *
■v. ^
+■ a  C f l i (  (A 2 .9 )
i r r :  K ~\ f v
I f  e q n a .  A2.5 and A2.9  a r e  t o  be  c o n s i s t e n t ,  t h e n  ve must  r e ­
q u i r e  t h a t
t  *  ' ( A2.10)
and
S I ^ a  « s  (  J k  * )  « P  (  j * J * )
( A 2 . l l )
F o r  a  symmetr ic  p o t e n t i a l ,  t h e s e  c o n d i t i o n s  may be  combined to  y i e l d
fc
( JkJ^) = t  a««p( j-Kd*:) (Aa>1S)
C
j  4 r
where  t h e  + s i g n  l a  t a k e n  i f  k has  t h e  saaie s i g n  in  r e g i o n  h and r e g i o n  2 
(sym m etr ic  s t a t e ) ,  and t h e  -  s i g n  i s  t a k e n  i f  It ha s  o p p o s i t e  s i g n s  in  r e ­
g i o n  U and r e g i o n  2 ( a n t i s y m m e t r i c  s t a t e ) .
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I f  t h e  t u n n e l i n g  I s  s m a l l ,  we may expand  eqti. A2. 12  to  o b t a i n
^  b
U J *  *  ( n *  K ) V  %  l  (A2.13)
b C
Thus we see  t h a t  t h e  u s u a l  h a l f - i n t e g r a l  q u a n t i z a t i o n  fo rm u la  i s  m o d i f i e d  
even  i n  t h e  WKB fo rm a l i sm .
A pp en d ix  I I I .  SEMI CLASSICAL SOLUTION OF THE SCHROE1NGER EQUATION
I n  t h i s  a p p e n d i x  ve w i l l  i n v e s t i g a t e  a  method o f  c o n s t r u c t i n g  a
u n i f o r m  s e m i c l u s s i c a l  s o l u t i o n  t o  t h e  m u l t id i m e n s io n a l  S c h rb d in g e r  eq u a -
t i o n .  T h i s  method was need  by Ludv ig  t o  c o n s t r u c t  approxim ate  s o l u t i o n s
27t o  t h e  H e lm h o l tz  e q u a t i o n  and a l s o  by Khudyakov f o r  t h e  c a s e  o f  v a r i a b l e
20i n d e x  o f  r e f r a c t i o n ,  an d  i t  i s  a  g e n e r a l i z a t i o n  o f  a method by Langer 
f o r  t r e a t i n g  o n e - d i m e n s i o n a l  s y s t e m s .
I f  t h e  WKB m ethod  i s  u s e d  t o  s o l v e  t h e  S c h ro d in g e r  e q u a t i o n ,  
one o b t a i n s  an a s y m p t o t i c  s o l u t i o n  o f  t h e  form
i s , ' * !
y  ~  £ ,  A'*> c. .
1 4r* - (A3.1 )
3 1
where  t h e  a m p l i t u d e  A v a r i e s  s lo w ly  w i th  x ,  t h e  phase  S i s  a s o l u t i o n
J J
t o  t h e  H-J  e q u a t i o n  g i v e n  by an a c t i o n  i n t e g r a l
S v -  d x  (A 3 . , )
(x  E  ( x  , . . , , x ) ,  P 3  (P-, » ' ■ • » R and the  sum i n c l u d e s  con-  1 n 1 n
t r i h u t i o n s  from a m u l t i p l e  v a lu ed  s o l u t i o n  t o  t h e  H-J e q u a t i o n .  Th is  
a p p r o x i m a t i o n  b r e a k s  down a t  a c a u s t i c  s i n c e  t h e  A go to  i n f i n i t y .
We t r e a t  h e r e  o n ly  t h e  c a s e  o f  a  s i n g l e  c a u s t i c  h a v in g  no f o l d s  
o r  c u s p s  and  we assume we a r e  n o t  t o o  c l o s e  t o  t h e  co rn e r s  o f  t h e  c l a s s i ­
c a l l y  a l l o w e d  r e g i o n .  Then o f  t h e  f o u r  t e rm s  i n  (A 3 , l )  we c o n s i d e r  two
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t h a t  r e p r e s e n t  waves p r o p a g a t i n g  tow ard  and away from t h e  c a u s t i c  a s  In  
F ig .  A 3 . 1 i
+  A ^ r l ' d ” +  £ ) ] (A3.3)
^  i s  t h e  ( y e t  unknown) p h ase  change  t h a t  r e s u l t s  from pa ssa g e  th r o u g h  
t h e  c a u s t i c .  Assuming A+ , S+ a r e  g i v e n ,  we wish t.o o b t a i n  an a p p r o x im a t io n  
to  ^  t h a t  r e m a in s  r e g u l a r  a t  t h e  c a u s t i c ,  and use  t h i s  t o  d e t e r m in e  5
> ( M )
- I )
F i g .  A3*1
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To accom pl ish  t h i s ,  Ludvig p r o p o s e s  an a n s a t z  o f  t h e  form
(A3.il)
w i t h
0 ( M W  0 « »  + 1  I *
(A3.5)
where  0  ( x ) i  p  (x)  and g ( x ) ,  w i l l  be d e t e r m i n e d ,  and ^  i s  a s i n g l e  
v a r i a b l e  ( n o t  a  v e c t o r ) .
Expanding g ( x ,  J  ) in  a  T a y lo r  s e r i e s
3 < M > =  3 > m  M  S .< k1 * '■ (A3.6 )
we o h t a i n  f o r  ^  t h e  e x p an s io n
Then n o t i n g  t h e  i n t e g r a l  r e p r e s e n t a t i o n  o f  t h e  A iry  f u n c t i o n
«o
V(t>» A* tt) »
(A3.7)
(A 3 .0 )
- * o
13*
we have
n f ’ O O  ~  J i r  e  *  j  ^  ^ ( « )  V (  f ^ / t S )
(A 3 .9 )
1/3Higher  te rm s  i n  t h i s  s e r i e s  c o n t a i n  s u c c e s s i v e  powers o f  ft , and we
w i l l  r e t a i n  o n ly  t h e  f i r s t  two t e r m s .
B e f o re  d e t e r m i n i n g  & (i0 , p  (x)  , 011(1 Bl ^  l e t  us
examine t h e  p r o p e r t i e s  o f  [A 3 -9 ) .  For ^  ^  ^  t h e  Airy  fu n c t io n  i 3
d e c r e a s i n g ,  f o r  f »  o  i t  i s  o s c i l l a t o r y  and p  (x)  = D marks the
t r a n s i t i o n  be tween  t h e s e  two t y p e s  o f  b e h a v i o r .  Accord ingly* we must
choose  p  (x)  such t h a t  t h e  c a u s t i c ,  vh ich  i s  a l r e a d y  de termined from
t h e  c l a s s i c a l  t r a j e c t o r i e s ,  l i e s  on p t x )  = 0.  The r o l e  o f  (x) i s
a l s o  c l e a r :  i f  a  p o i n t  i s  moved a lo n g  t h e  c a u s t i c  t h e  v a r i a t i o n  in
phase  o f  t h e  wave f u n c t i o n  i s  g iven  e x c l u s i v e l y  by $  (x ) ,
The d e t e r m i n a t i o n  o f  t h e  unknown f u n c t i o n s  9  , f  , v  Kj
i n v o l v e s  t h e  c o m p ar i so n  o f  (A3-9) w i th  (A3,3} and t h e  v e r i f i c a t i o n  t h a t
t h e  r e s u l t i n g  form a c t u a l l y  s a t i s f i e s  t h e  S c h rb d in g e r  e q u a t i o n .  Using the
a s y m p t o t i c  form o f  t h e  Airy  f u n c t i o n *  which i s  o b t a i n e d  by app ly in g  the
method o f  s t a t i o n a r y  phase  t o  t h e  i n t e g r a l  form A3 . 8 , we o b ta in  d i r e c t l y
'  4^- . . f J i
y  “  & f? {  f  * ( j / p  3 , ) ax p ’ [ ( f l * | f ,4y «  - % ]
*  K  t  J '  )  « * f  ’  [ 0  '  3 *  T  ]
[ A 3 . 1 0 )
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CA3.ll )
and t o  make t h i s  ag re e  w i th  f A3- 31 we s e e  t h a t  v e  s h o u ld  t a k e
0  -  i  ( S ++ S ' )
I f * 4 -  ^ ( S * - S T )
3 .  +
Wow a l t h o u g h  t h e  r i g h t - h a n d - s i d e  o f  C A 3 . l l )  i s  d e f i n e d  o n l y  i n  t h e  c l a s s i ­
c a l l y  a l lo w ed  r e g i o n ,  n e a r  a s im ple  c a u s t i c  0  , p  , g Q and d e te rm in e d  
from (A3-11) can be 3m ooth ly  c o n t i n u e d  i n t o  t h e  f o r b i d d e n  r e g i o n .  Th is  
co m p le te s  t h e  d e t e r m i n a t i o n  o f  t h e  unknowns in  t h e  a n s a t z .
I t  rem ains  t o  show t h a t  t h e  r e s u l t i n g  f u n c t i o n  d e f i n e d  by (A3,9) 
and ( A 3 . l l )  a c t u a l l y  s a t i s f i e s  t h e  S c h r o d i n g e r  e q u a t i o n ,
r_|2 v l  + V00] Y o o  = e  'H* cx)
(A3.12)
S u b s t u t u t i n g  (A3.9) i n t o  ( A 3 .1 2 ) ,  c o l l e c t i n g  i n  powers  o f  -fi, and e q u a t i n g  
c o e f f i c i e n t s  o f  d i f f e r e n t  powers o f  H s e p a r a t e l y  t o  z e r o ,  t h e  f o l l o w i n g  
e q u a t i o n s  r e s u l t  f o r  $  and p  :
(ve)S f> Up)*- a-, ( e - v )  - 0  (w i3a)
e? V O  ' V p  '  0 (A 3 .13b)
For  gQ and g^ we o b t a i n
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J v ©  <7 3 . +  ♦  P J . A p + t ^ y ?
(A3.li»a)
J ? p  v g .  +  g . ^ p  +  J 7 4 * ? g r +  y , 4 0  = 0
(A 3 .H i t )
E q u a t i o n s  A3.13  a r e  e q u i v a l e n t  t o  t h e  e i k o n a l  e q u a t i o n  a s  may he 
shown by m u l t i p l y i n g  t h e  f i r s t  by t f  and  a d d i n g  t h e  seco n d ;  t h u s
which again i d e n t i f i e s  9 » % f " -  w i th  3 + , S i m i l a r l y  t from eqns,  A3,1*+, 
we f i n d  t h a t  ^ o t e yfl t h e  Saltie e q u a t i o n  as A+ . T h i E  com ple te s
t h e  p r o o f  t h a t  t h e  ans&tz  a p p r o x i m a t e l y  s a t i s f i e s  t h e  S c h rS d in g e r  e q u a t i o n -  
F i n a l l y ,  a g a i n  com par ing  (A3.10) w i th  (A3,3 )  we f i n d  £ -p  -  :
p a s s a g e  th r o u g h  t h e  c a u s t i c  c a u s e s  a h'ron-claE3ical" phase  l o s s  of I t / z .  .
Appendix TV, EXAMPLE FOP CALCULATION OF NORMAL FORM
This  a p p e n d ix  p ro v id e s  an example o f  hew t h e  n o t a t i o n  u sed  in  
eqn. 1 1 1 . 8 c s h o u ld  he  i n t e r p r e t a t e d .
T h i s  e q u a t i o n  a l l o w s  us t o  c a l c u l a t e  t h e  new h i g h e r  d e g r e e  t e rm s  o f  d e g r e e  
i  which r e s u l t  due  t o  t h e  c a n o n i c a l  t r a n s f o r m a t i o n  which c o n v e r t e d  t e r m s  
o f  d e g re e  a i n t o  normal  form. The e q u a t i o n  employs an a b b r e v i a t e d  n o t a t i o n  
f o r  t e rm s  In a m u l t i d i m e n s i o n a l  T a y lo r  e x p a n s io n .  The i n d e x  ,1 i s  a  v e c t o r  
a b b r e v i a t i o n  w i t h  two e lem en t s  f o r  a two d e g r e e  o f  freedom p ro b le m ,  I . e .
J = t h e  n o t a t i o n  | j |  means +■ and J! means J ! . Terms
in t h e  sum a r e  chosen  s u b j e c t  t o  t h e  c o n s t r a i n t s  l i s t e d  on 1 , s ,  and  J .
As an example* c o n s i d e r  t h e  c a s e  when s = 3. T h i s  means t h a t  
a c a n o n i c a l  t r a n s f o r m a t i o n  has been  used t o  t r a n s f o r m  t h i r d  d e g re e  t e r m s
(3 )
i n t o  normal form u s i n g  th e  t h i r d  degree  g e n e r a t i n g  f u n c t i o n  W . Now we 
must c a l c u l a t e  h i g h e r  degree  t e rm s  ( i  = l i , 5 , 6 , . . . )  which  r e s u l t .
/  + IjUijK *-o '  i 
' * < * < * 
X > , x  S *  3
C m ,  6 c )
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In  expanded n o t a t i o n ,  eqn . I I I , 8c y i e l d s
_ * h  .») i, in '*  i« " ' 4 f  J — I W V /  »*HW
P(p,|i = HfT.j) + E i |„  )p, " ."•'■i1 »|. > * ip, ■> af ; j ^
MK)
f t  *
-  SLfhtUyp 90*11 M P
(*> (?) ’ ^  t / >wp)y Y a n P { «  a V ,}
(H ' aJ’SiA* i, . /iS'l1\-/4"(,|' ^ I f
n p , j )  =  h  ( p ,p  * Q ' J i n  l e „  + ^ , " ' " : ^ a * ‘  ' * • '  ^ 4 P ’
+ r; J_ / W V / ' ^  ^
* . .  3 i .  ’ U j ; )
— M w i t a v -  SU"*5 f *
Higher  degree  terras can h e  c a l c u l a t e d ,  a s  d e s i r e d .
Once t h i s  p r o c e s s  13 c o m p le te d ,  a l l  o f  t h e  changes  t o  h i g h e r  
terms r e s u l t i n g  from t h e  n o r m a l i z a t i o n  o f  d e g re e  t h r e e  te rm s  have  been 
found. A f t e r  f o u r t h  d e g re e  t e rm s  have been  n o r m a l i z e d  an a n a lo g o u s  s e t  o f
e q u a t i o n s  ( v i t t l  a p p r o p r i a t e  m o d i f i c a t i o n s )  g iv e s  t h e  f u r t h e r  m o d i f i c a t i o n s  
t o  t h e  h i g h e r  d e g r e e  t e r m s .
Gustavson  t a b u l a t e s  t h e  g e n e r a t i n g  f u n c t i o n a  o b t a i n e d  f o r  each 
degree  f o r  t h e  H 4 H p o t e n t i a l .  These  r e s u l t s  may be u sed  as a  check  o f  
o n e ’ s c a l c u l a t i o n s  i f  d e s i r e d .
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